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Abstract
We develop systematic string techniques to study brane world effective actions for models with
magnetized (or equivalently intersecting) D-branes. In particular, we derive the dependence on
all NS-NS moduli of the kinetic terms of the chiral matter in a generic non-supersymmetric
brane configurations with non-commuting open string fluxes. Near a N = 1 supersymmetric
point the effective action is consistent with a Fayet-Iliopoulos supersymmetry breaking and the
normalization of the scalar kinetic terms is nothing else than the Ka¨hler metric. We also discuss,
from a stringy perspective, D and F term breaking mechanisms, and how, in this generic set
up, the Ka¨hler metric enters in the physical Yukawa couplings.
∗On leave of absence from Queen Mary, University of London, E1 4NS London, UK.
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1 Introduction and Summary
In Type II and Type I string theories, D-branes are the objects providing, in a simple
and natural way, two important features of our world: the presence of non-abelian gauge
groups and that of four dimensional chiral fermions. In particular, when the ten dimen-
sional space-time is simply taken to be the direct product of a six dimensional compact
1
manifold and of a four dimensional Minkowski part, chiral fermions arise when the D-
branes have some non-trivial properties in the compact space. This can happen when
constant magnetic fields are switched on along the D-brane world-volume [1], or when
the D-branes intersect with some non-trivial angles [2] (actually, these two situations can
be usually connected by means of some T-dualities, see for instance [3]). By exploiting
these basic features, a new class of string models has been studied in these last years,
starting from [4, 5, 6], providing various interesting phenomenological applications. Re-
cent reviews on this subject, often named “Intersecting Brane Worlds” (IBW) [7], are
Refs. [8, 9, 10, 11, 12] and also the detailed derivation of some results can be found in the
PhD-theses [13, 14, 15, 16]. One of the nice features of this class of string models is that
they are “calculable”. This means that, by using known string techniques, it is possible to
compute explicitly the Standard-Model-like effective action. Moreover, all the parameters
appearing in such a low-energy action are functions of the microscopic data specifying the
D-brane configuration and the geometry of the compact space. The explicit derivation
of the effective action is certainly possible whenever the string vacuum under considera-
tion is described, from the world-sheet point of view, by some tractable Conformal Field
Theory (CFT). Even if this is a rather particular set of points in the whole moduli space
of the D-brane/string compactifications, it contains already some very interesting situa-
tions, like those involving orbifolds or orientifolds and, as we already said, also the case of
D-branes with constant magnetic fields. Thanks to the simplicity of the underlying string
theory, it has been possible to study various features of the IBW models which go beyond
the analysis of the spectrum and of its quantum numbers. For instance, several authors
studied how the Higgs mechanism [17] and the Yukawa couplings [18, 19, 20, 21] are re-
alized in intersecting brane models (or in the T-dual case of magnetized D-branes [22]);
some of their phenomenological implications are discussed in [23, 24]; threshold correc-
tions [25, 26] have been computed; proton decay can be studied quantitatively [27, 28];
it has also been shown that the problem of moduli stabilization can be partly addressed
in the framework of solvable string models, by using D-brane world-volume fluxes [29].
The issue of complete moduli stabilization has been thoroughly studied, see for instance
Refs. [30, 31, 32, 33, 34, 35, 36, 37, 38, 39, 40, 41, 26]; however generically these construc-
tions go beyond the class of “solvable” models we consider in this paper. Various recent
papers discuss phenomenological features of open string models, where the techniques
analyzed in this paper might be useful, see for instance Refs. [42, 43, 44, 45, 46, 47, 48].
In this paper we describe in some generality the string theory techniques necessary to
compute the effective actions for this class of string models, where the Standard Model
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fields live on intersecting or magnetized D-branes. The technique we use is conceptually
simple and well-known: one can reconstruct the effective action by requiring that it repro-
duces the low energy limit of the string amplitudes. Thus this is a two steps procedure:
first it is necessary to compute a string amplitude contributing to a particular term of
the effective action one is interested in; then one can extract the low-energy amplitude by
sending the string length
√
α′ to zero with all four dimensional momenta and masses kept
fixed. We focus on the dynamics of the fields coming from the open strings and try to
determine the dependence of the relevant pieces of the four dimensional effective action
on the closed string moduli, whose dynamics is kept frozen (ı.e. we work in a limit where
gravity is non dynamical on the brane). This technique has been explicitly applied in
Heterotic string theory by Dixon, Louis and Kaplunovsky [49] and more recently in the
context of IBW in Ref. [21]. Here we follow the same approach, with the goal to generalize
it in various directions. First we show that this technique is not limited to supersymmet-
ric models. On the contrary, it is most effective in situations where supersymmetry is
spontaneously broken, because in this cases we can use the presence of mass terms to fix
unambiguously the overall normalization of the string amplitudes, which actually plays an
important roˆle in the form of the resulting effective action. Then we show that, by using
the language of magnetized D-branes, it is possible to treat in a simple fashion the case of
six dimensional compactifications that are not factorized in products of two dimensional
torii T 2 (the model discussed in Ref. [29] is in fact already of this type even if the com-
pact space is T 2 × T 2 × T 2, since the magnetic fields on the brane world-volume do not
respect the factorization of the geometry). In this more generic situation, contrary to the
completely factorized case, the magnetic fields living on different D-branes do not need
to commute. The presence of non-commuting or oblique fluxes is an important feature in
order to achieve the stabilization of the off-diagonal moduli in T 6 (see Refs. [33, 26] for
recent developments in this direction). Here we will take also a non-trivial metric and B
field, and show that computations remain manageable even if the compact space does not
have a factorized structure at all. In a full-fledged model some of the NS-NS moduli are
absent due the presence of orientifolds. However, it is known that these moduli need not
to be trivial, but can be frozen to some non-zero (discrete) values [50]. So they will affect
the form of the effective action, and need to be taken into account in our computations.
As an explicit example of this approach to the derivation of the effective action, we
focus here on the kinetic term for the scalar fields living at the D-brane intersections.
This term is particularly interesting for two reasons. In models where we have N = 1
supersymmetry (possibly spontaneously broken), this term contains the Ka¨hler metric.
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This function, together with the superpotential and the normalization of the kinetic terms
for the gauge fields, specifies completely any N = 1 gauge theory action [51]. However, in
contrast to the other two building blocks, the Ka¨hler metric enters in a non-holomorphic
piece of the action and so has no protection against string (or quantum) corrections.
There is also a stringy reason that makes the Ka¨hler metric interesting. The open strings
stretched between two different D-branes, like those living at the D-brane intersections,
behave like the twisted sectors of the (Heterotic) orbifold models. This means that the
terms of the effective actions involving this kind of fields cannot be derived by simple
dimensional compactification from the flat ten dimensional string theory or from Born-
Infeld action. Therefore, the computation of scattering amplitudes represents basically
the only possible way to reconstruct these terms of the effective action. Our analysis
shows that the full (NS-NS) moduli dependence of the Ka¨hler metric is encoded in a disk
amplitude with two open strings and one closed string inserted.
We also consider the scalar fields associated to open strings that start and end on the
same D-brane (corresponding to the string untwisted sector) and compute their metric.
In this case the low-energy dynamics can be readily derived also from the Born-Infeld
action, upon compactification. Then we can check that the full moduli dependence of the
metric for the untwisted fields is correctly extracted from a three point function involving
two scalars and a generic closed string modulus, showing the validity of this diagrammatic
approach.
1.1 Organization of the paper
In Section 2 we review the basics of the open string quantization and this will serve also
to set up our notations. As in the usual case, the open strings stretched between magne-
tized or tilted D-branes are more easily analyzed by using the doubling trick, that is by
rewriting the bosonic and fermionic open string coordinates xµ(σ, τ) and χµ(σ, τ) in terms
of holomorphic CFT’s. The properties of this holomorphic fields depend on the angles or
magnetic fluxes of the D-branes and on the moduli of the compact space. In particular,
in Section 3, we derive the relation between the twists θi of the holomorphic fields and
the closed string moduli of the NS-NS sector. We also write the vertex operators related
to these moduli and, in doing so, we clarify some details about the off-shell continuation
of string amplitudes. In fact this off-shell continuation is necessary, if one wants to derive
the full effective action and not just the S-matrix elements. In Section 4 we briefly review
how to derive the open string spectrum for the IBW models and how to write the vertex
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operators for open string states. We also provide a careful analysis of the field theory limit
in the non-supersymmetric case and give the relation between the string twist parameters
θi and the surviving field theory mass terms. Then, in Section 5, which contains the main
results of this paper, we compute the dependence of the Ka¨hler metric on the NS-NS
moduli. We follow the procedure used in Ref. [21]: we compute a disk amplitude with
two open strings, representing the fields present in the kinetic terms we are interested in,
and a closed string related to a NS-NS modulus. Clearly this amplitude is related to the
variation of the quadratic part of the effective action when one of the closed string moduli
is modified and the others are kept fixed. Since the string computation is exact in all
NS-NS parameters, the above result translates into a differential equation for the Ka¨hler
metric. So we can fix its dependence on the NS-NS v.e.v.’s exactly to all orders in α′. As
anticipated, we consider a compactification on a generic non-factorized six dimensional
torus, which is equivalent to resum all possible insertions of soft gravitons in the compact
space. Thus our result truly depends, through the θi’s, on all NS-NS moduli, without
any constraint coming from particular hypothesis that are usually pre-assumed, like the
requirement of switching off the moduli breaking the T 2 × T 2 × T 2 factorized structure
of the compact space or the supersymmetric constraints on the θi’s [21]. Our results
hence generalize (and partially correct, as we shall show) previous results in the litera-
ture. We also discuss, from a string theory perspective, how supersymmetry breaking is
implemented in these models. We show via a string computation that the masses the
twisted scalars have for generic θi originate from a Fayet-Iliopoulos term (a D-term su-
persymmetry breaking). On the contrary, F-term breaking, which might be present for a
generic choice of the open string fluxes, does not affect the value of these tree-level masses.
Clearly both mechanisms break supersymmetry in the bulk, too. Previous works on the
issue of D and F term breaking in IBW are Refs. [52, 53, 54, 55]. Finally, we show that, in
the case of factorized fluxes, our results can be easily translated with three T-dualities in
the Type IIA configuration where the magnetized D9-branes are described as intersecting
D6-branes with generic angles. In Section 6, we discuss Yukawa couplings, focusing on
the quantum (world-sheet) contribution. This part can be perturbatively expanded in α′
and usually does not enter in the superpotential, which receives only non-perturbative
contributions via world-sheet instantons. This non-renormalization property [56, 57, 58]
was proven in the context of Heterotic models and is certainly interesting to check whether
it holds also in the IBW models. In the factorized case this non-renormalization property
has been checked in [21], where the authors showed that the quantum part of the Yukawa
couplings can be expressed solely in terms of the Ka¨hler metric. Following our approach,
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we can prove that the same property holds in a non-factorized case with commuting fluxes.
In a generic case, the explicit check of the non-renormalization of the superpotential is
difficult, since it requires to compute a correlator among non abelian twists. Of course, it
is possible to reverse the logic and assume that the non-renormalization theorem is valid
in a general setup also in open string models. In this case our results provide strong con-
straints on the form of the three-point correlator for non abelian twists which must have a
surprisingly simple form. Appendix A contains the derivation of the formula providing, in
a generic situation, the dependence of the open string twists on the closed string moduli.
This enters crucially in getting the results presented in Section 5. In Appendix B we apply
exactly the same technique described in Section 5 to the matter fields arising from the
open strings that start and end on the same D-brane. In this way we are able to derive
the full dependence on the NS-NS moduli of the Born-Infeld action and of the open string
metric from a disk amplitude with two open strings and one closed string. This represents
a nice test of our diagrammatic approach to the computation of the low-energy action.
1.2 Outlook
The main motivation for this work is to provide the techniques to generalize, in the con-
text of brane world models, previous results in the literature to potentially more realistic
models. Once all the ingredients to compute effective actions for such a generic situa-
tion are available, it becomes possible to address many questions in phenomenologically
interesting models that have been recently constructed. In this respect, string theory
techniques prove to be an efficient tool to compute low energy effective actions whenever
this cannot be done otherwise. There are, however, a number of issues we have not ad-
dressed in this work and which we leave to future investigations. The most technically
difficult but interesting thing to do would be to compute directly the Yukawa three-point
function in the generic case, i.e. for non-abelian twists. Moreover, in our string computa-
tions, we neglect the contribution coming from world-sheet instantons; it is of course very
important to include them systematically in our approach. We have not discussed the
dependence on the R-R moduli, but these should be included in a complete low energy
effective description. Similarly, we have not considered open string moduli (i.e. Wilson
lines), whose stabilization, in IBW models, has not been addressed in much detail, so far.
Finally, the Ka¨hler potential is a D term hence is not protected by non-renormalization
theorems and would then be very interesting to compute higher loop corrections in the
string coupling (recent results in this direction can be found in Refs. [59, 60, 61]).
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2 Open Strings in Closed String Background
In this section we review the quantization of open strings moving in a 2d-dimensional
Euclidean space with a constant metric G and a constant NS-NS antisymmetric tensor B.
This case is relevant in discussing systems of magnetized D-branes or, after T-dualities,
systems of intersecting D-branes.
2.1 Bosonic sector
We begin our analysis by considering the bosonic sector described by the string coordinates
xM (M = 1, ..., 2d) whose action (in a Euclidean world-sheet) is
Sbos = − 1
4πα′
∫
d2ξ
[
∂αxM∂αx
NGMN + iǫ
αβ∂αx
M∂βx
NBMN
]
− i
∑
σ
qσ
∫
Cσ
dxMAσM , (2.1)
where the index σ on C, A and q takes the values σ = 0 or σ = π and labels the string end-
points; qσ is the charge with respect to a background gauge field A
σ along the boundary
Cσ. Our conventions are such that qπ = −q0 = 1 and ǫστ = 1; the string coordinates xM
and the gauge fields Aσ are dimensionless, while the background metric G and the B field
have dimensions of (length)2. In the following we will consider only the case in which G
and B are constant, and the gauge fields Aσ are linear with constant field strengths Fσ.
Then, it is easy to realize that the field equations ∂α∂αx
M = 0 must be supplemented by
the following boundary conditions(
GMN∂σx
N + i(Fσ)MN∂τxN
)∣∣∣
σ=0,π
= 0 , (2.2)
where
Fσ = B + 2πα′ Fσ . (2.3)
Introducing the complex variable z = eτ+iσ and the reflection matrices
Rσ =
(
G−Fσ
)−1 (
G+ Fσ
)
, (2.4)
the boundary conditions (2.2) can be rewritten as
∂xM
∣∣∣
σ=0,π
= (Rσ)
M
N ∂x
N
∣∣∣
σ=0,π
. (2.5)
A convenient way to solve these equations is to define, in the complex z-plane, multi-
valued chiral fields XM(z) such that
XM(e2πiz) =
(
R−1π R0
)M
N
XN(z) ≡ RMN XN(z) , where R ≡ R−1π R0 . (2.6)
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Then, putting the branch cut in the z-plane just below the negative real axis, a solution
to the boundary conditions (2.5) is
xM(z, z) = qM +
1
2
[
XM(z) +
(
R0
)M
N
XN(z)
]
, (2.7)
where z is restricted to the upper half-complex plane, and qM are constant zero-modes.
Let us observe that the reflection matrix Rσ defined in (2.4) leaves the metric G
invariant:
tRσGRσ = G , (2.8)
and so does, as a consequence, the monodromy matrix R. Then, introducing the vielbein
EAM , such that GMN = E
A
ME
B
NδAB, we see that in the new basis RAB is simply a
SO(2d) matrix, so that it is always possible to find an orthonormal frame and a unitary
transformation to put the monodromy matrix in a diagonal form, namely
E R E−1 ≡ R = diag
(
e2iπθ1 , · · · , e2iπθd, e−2iπθ1, e−2iπθd
)
(2.9)
for 0 ≤ θi < 1. Let us point out that in the resulting complex basis Z =
(Z i , Z¯ i) given
by Z = EX , the metric is
G = tE−1G E−1 =
(
0 1l
1l 0
)
(2.10)
and the monodromy properties (2.6) become
Z i(e2πiz) = e2iπθi Z i(z) and Z i(e2πiz) = e−2iπθi Z i(z) (2.11)
for i = 1, ..., d. Upon canonical quantization, we obtain the following mode expansions1:
∂Z i(z) = −i
√
2α′
(
∞∑
n=1
ain−θi z
−n+θi−1 +
∞∑
n=0
a† in+θi z
n+θi−1
)
, (2.12a)
∂Z i(z) = −i
√
2α′
(
∞∑
n=0
ain+θi z
−n−θi−1 +
∞∑
n=1
a† in−θi z
n−θi−1
)
. (2.12b)
We remark that the shifts θi are related to the eigenvalues of the monodromy matrix
R, and not to the two individual reflection matrices R0 and Rπ, which, in general, do
not commute with each other. If one or more θi’s are zero, particular care must be paid
due to the appearance of extra zero-modes in the corresponding chiral bosons. In the
1We have included appropriate prefactors to recover the standard expansions for θi = 0 of dimensionful
string fields Zi. This means that the matrix E of the change of basis has dimensions of (length).
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following, however, we will consider the generic case in which all shifts are non-vanishing.
Canonical quantization implies that also the zero-modes qM in (2.7) are operators that
do not commute among them [62]. This fixes the degeneracy of the open string vacuum,
but we will not need this information in what follows.
The modes appearing in (2.12) obey the following commutation relations
[
ain−θi , a
† j
m−θj
]
= (n− θi) δij δn,m ∀n,m ≥ 1 , (2.13a)[
ain+θi , a
† j
m+θj
]
= (n+ θi) δ
ij δn,m ∀n,m ≥ 0 . (2.13b)
In particular the oscillators ain−θi and a
i
n+θi
are annihilation operators, whereas a† in−θi
and a† in+θi are the corresponding creation operators with respect to the twisted vacuum
|Θ〉 ≡ |{θi}〉, i.e. for any i
ain−θi |Θ〉 = 0 ∀n ≥ 1 and ain+θi |Θ〉 = 0 ∀n ≥ 0 . (2.14)
The contribution of the bosons Z i to the Virasoro generators can be easily derived
from the action (2.1), and in particular one finds that
L
(Z)
0 =
d∑
i=1
[
∞∑
n=1
a† in−θia
i
n−θi
+
∞∑
n=0
a† in+θia
i
n+θi
+
1
2
θi(1− θi)
]
= N (Z) + c(Z) , (2.15)
where in the last step we have distinguished the operatorN (Z) which measures the number
of a and a oscillators from the c-number c(Z) due to the normal ordering with respect to the
twisted vacuum introduced above. From this expression, we can see that |Θ〉 is related
to the Sl(2,R) invariant vacuum |0〉 through the action of d twist fields [63] σθi(z) of
conformal dimensions
hσθi =
1
2
θi(1− θi) (2.16)
as follows
|Θ〉 = lim
z→0
d∏
i=1
σθi(z) |0〉 . (2.17)
On the other hand, the conjugate vacuum 〈−Θ| is obtained by acting at infinity with the
conjugate twist fields σ−θi(z) of conformal dimensions hσ−θi = hσθi , namely
〈−Θ| = lim
z→∞
〈0|
d∏
i=1
(
σ−θi(z) z
2hσ
−θi
)
. (2.18)
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Normalizing the vacuum states in such a way that 〈−Θ|Θ〉 = 1, from (2.17) and (2.18) it
immediately follows that
σ−θi(z) σθj (w) ∼
δij
(z − w)θi(1−θi) , ∂Z
i(z) ∂Z j(w) ∼ − 2α
′ δij
(z − w)2 , (2.19a)
∂Z i(z)√
2α′
σθj (w) ∼
δij τθj (w)
(z − w)1−θj ,
∂Z i(z)√
2α′
σθj (w) ∼
δij τ θj(w)
(z − w)θj . (2.19b)
Exploiting the mode expansions (2.12) and the properties of the twisted vacuum, it is
straightforward to show that
〈−Θ| ∂Z i(z) ∂Z j(w) |Θ〉 = −
(w
z
)−θi 2α′ δij
(z − w)2
[
1− θi
(
1− w
z
)]
. (2.20)
Then, by performing a projective Sl(2,R) transformation, we can move the position of
the twist fields to arbitrary positions and obtain
Aibos(z1, ..., z4|σθi) ≡
〈
σ−θi(z1) ∂Z i(z2) ∂Z i(z3) σθi(z4)
〉
〈
σ−θi(z1) σθi(z4)
〉 〈
∂Z i(z2) ∂Z i(z3)
〉
= ω−θi
[
1− θi(1− ω)
]
, (2.21)
where ω is the anharmonic ratio
ω =
(z1 − z2) (z3 − z4)
(z1 − z3) (z2 − z4) . (2.22)
It is interesting to observe that〈
σ−θi(z1) ∂Z i(z2) ∂Z
i
(z3) σθi(z4)
〉
=
〈
σ−θi(z1) ∂Z
i
(z3) ∂Z i(z2) σθi(z4)
〉
(2.23)
which can be proved with an explicit calculation along the same lines outlined above.
2.2 Fermionic sector
Let us now turn to the fermionic sector described by world-sheet spinors χM , whose
Euclidean world-sheet action is [64]
Sferm = − i
4πα′
∫
d2ξ χMρα∂αχ
N
(
GMN +BMN
)− i
2
∑
σ
qσ
∫
Cσ
dτ χMρτχNF σMN , (2.24)
where ρα are the 2-dimensional Dirac matrices. Denoting by χM− and χ
M
+ , respectively,
the upper and lower components of χM , from the above action one finds that the standard
field equations ∂±χ
M
∓ = 0 must be supplemented by the following boundary conditions
χM−
∣∣∣
σ=0
= (R0)
M
N χ
N
+
∣∣∣
σ=0
and χM−
∣∣∣
σ=π
= −η (Rπ)MN χN+
∣∣∣
σ=π
, (2.25)
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where η = 1 for the NS sector and η = −1 for the R sector. The solution to these equations
can be conveniently written in terms of multi-valued chiral fermions ψM(z) such that
ψM(e2πiz) = η
(
R−1π R0
)M
N
ψN(z) . (2.26)
Indeed, remembering that the fermionic fields have conformal dimensions 1/2, we have
ψM+ (z) ≡ z−1/2 χM+ (z) = ψM(z) and ψM− (z) ≡ z−1/2 χM− (z) =
(
R0
)M
N
ψN(z) (2.27)
for any z with Im z ≥ 0. In the complex basis Ψ = E χ = (Ψ i , Ψ i), where the monodromy
matrix R is diagonal, we can rewrite (2.26) simply as
Ψ i(e2πiz) = η e2πiθΨ i(z) and Ψ
i
(e2πiz) = η e−2πiθ Ψ
i
(z) (2.28)
and, after canonical quantization, obtain the following mode expansions
Ψ i(z) =
√
2α′
∞∑
n=0+ν
(
Ψ
i
n−θi
z−n+θi−
1
2 +Ψ † in+θi z
n+θi−
1
2
)
(2.29a)
Ψ
i
(z) =
√
2α′
∞∑
n=0+ν
(
Ψ in+θi z
−n−θi−
1
2 +Ψ
† i
n−θi
zn−θi−
1
2
)
, (2.29b)
where ν = 0 in the R sector, ν = 1/2 in NS sector. The modes in (2.29) obey the following
anticommutation relations
{
Ψ in+θi , Ψ
† i
m+θi
}
=
{
Ψ
i
n−θi
, Ψ
† i
m−θi
}
= δij δn,m ∀n,m ≥ 0 + ν . (2.30)
Let us concentrate on the NS sector (ν = 1/2). The oscillators Ψ in+θi and Ψ
i
n−θi
are
annihilation operators, while Ψ † in+θi and Ψ
† i
n−θi
are creation operators with respect to the
fermionic twisted NS vacuum |Θ〉NS, i.e.
Ψ in+θi|Θ〉NS = Ψ
i
n−θi
|Θ〉NS = 0 ∀n ≥ 1
2
. (2.31)
Notice that this definition of creation/destruction operators is natural only for 0 ≤ θi < 12 .
In this range, in fact, the oscillator Ψ
† i
1
2
−θi
is a true creation operator since it increases
the energy by the positive amount
(
1
2
− θi
)
. If, instead, 1
2
< θi < 1, the oscillator Ψ
† i
1
2
−θi
decreases the energy of the state it acts on. Thus, in this case the roles of the NS vacuum
|Θ〉NS and of Ψ † i1
2
−θi
|Θ〉NS are exchanged and the latter state becomes the true vacuum of
the theory, since it has lower energy. This will be relevant in the discussion of the GSO
projection, see Section 4.
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From the action (2.24), one can easily derive the fermionic contribution to the Virasoro
generators, and in particular one finds
L
(Ψ)
0 =
d∑
i=1
{ ∞∑
n= 1
2
[
(n+ θi)Ψ
† i
n+θi
Ψ in+θi+(n− θi)Ψ
† i
n−θi
Ψ
i
n−θi
]
+
1
2
θ2i
}
= N (Ψ)+ c(Ψ) , (2.32)
where again we have distinguished between the number operator N (Ψ) that counts the
fermionic modes and the c-number c(Ψ) arising from the normal ordering with respect to
|Θ〉NS. In analogy with our discussion of the bosonic sector, we deduce that this twisted
vacuum can be related to the Sl(2,R) invariant vacuum |0〉NS through the action of d
fermionic twist fields sθi(z) of conformal dimensions
hsθi =
1
2
θ2i (2.33)
as follows
|Θ〉NS = lim
z→0
d∏
i=1
sθi(z) |0〉NS . (2.34)
To obtain the conjugate vacuum we use instead fermionic twist fields s−θi of conformal
dimensions hs−θi = hsθi acting at infinity, namely
NS〈−Θ| = lim
z→∞
NS〈0|
d∏
i=1
(
s−θi(z) z
2hs
−θi
)
. (2.35)
From (2.34) and (2.35) it follows that
s−θi(z) sθj (w) ∼
δij
(z − w)θ2i , Ψ
i(z) Ψ
j
(w) ∼ 2α
′ δij
(z − w) , (2.36)
which is the fermionic counterpart of (2.19a). Let us now consider some fermionic corre-
lation functions. Using the mode expansions (2.29), it is easy to prove that
NS〈−Θ|Ψ i(z) Ψ j(w)|Θ〉NS = 2α′ δij
(w
z
)−θi 1
(z − w) (2.37)
and then deduce for any i〈
s−θi(z1) Ψ
i(z2) Ψ
i
(z3) sθi(z4)
〉
〈
s−θi(z1) sθi(z4)
〉〈
Ψ i(z2) Ψ
i
(z3)
〉 = ω−θi , (2.38)
where ω is the anharmonic ratio (2.22). Other useful correlators are those involving the
first excited states
|tθi〉NS = Ψ † i1
2
+θi
|Θ〉NS and |tθi〉NS = Ψ
† i
1
2
−θi
|Θ〉NS , (2.39)
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whose energy is increased, respectively, of (1
2
+θi) and (
1
2
−θi) with respect to the vacuum.
Thus, in the i-th sector we can introduce excited fermionic twist fields tθi(z) and tθi(z),
together with their conjugates t−θi(z) and t−θi(z), of conformal dimensions
htθi = ht−θi =
1
2
(θi + 1)
2 and htθi = ht−θi =
1
2
(θi − 1)2 (2.40)
which satisfy
t−θi(z) tθi(w) ∼
δij
(z − w)(θi+1)2 , t−θi(z) tθj (w) ∼
δij
(z − w)(θi−1)2 ,
Ψ i(z)√
2α′
sθj(w) ∼
δij tθi(w)
(z − w)−θi ,
Ψ
i
(z)√
2α′
sθj (w) ∼
δij tθi(w)
(z − w)θi . (2.41)
Proceeding as before, one finds〈
t−θi(z1) Ψ
i(z2) Ψ
i
(z3) tθi(z4)
〉
〈
t−θi(z1) tθi(z4)
〉〈
Ψ i(z2) Ψ
i
(z3)
〉 = ω−(θi+1) , (2.42a)
〈
t−θi(z1) Ψ
i(z2) Ψ
i
(z3) tθi(z4)
〉
〈
t−θi(z1) tθi(z4)
〉〈
Ψ i(z2) Ψ
i
(z3)
〉 = ω−(θi−1) . (2.42b)
The fermionic correlation function can be alternatively derived thanks to the bosoniza-
tion equivalence
Ψi = eiHi , SθFi = ei θ
F
i Hi , Hi(z)Hj(w) ∼ −δij ln(z − w) . (2.43)
In this compact notation all previous correlators can be summarized in
Aiferm(z1, ..., z4|SθFi ) ≡
〈S−θF
i
(z1) Ψ
i(z2) Ψ
i
(z3)SθF
i
(z4)
〉
〈S−θFi (z1)SθFi (z4)〉〈Ψ i(z2) Ψ i(z3)〉 = ω
−θFi . (2.44)
It is interesting to remark that〈S−θFi (z1) Ψ i(z2) Ψ i(z3)SθFi (z4)〉 = − 〈S−θFi (z1) Ψ i(z3) Ψ i(z2)SθFi (z4)〉 , (2.45)
which is the fermionic counterpart of (2.23).
This analysis can be generalized to the R sector without any problems. With R
boundary conditions the modes of the fermionic fields are further shifted with an extra
1
2
with respect to the NS case, and essentially all occurrences of θi must be replaced by
θi− 12 . Taking this observation into account, we can simply read the final result from the
correlator (2.44) by replacing θFi with θi − 12 , namely〈
s−(θi− 12 )
(z1) Ψ
i(z2) Ψ
i
(z3) sθi− 12
(z4)
〉
〈
s−(θi− 12 )
(z1) sθi− 12
(z4)
〉〈
Ψ i(z2) Ψ
i
(z3)
〉 = ω−(θi− 12 ) . (2.46)
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3 Closed String Moduli for Magnetized D-branes
The results of the previous section show that the conformal properties of open strings
moving in a closed string background with a magnetic field are determined essentially
by the shifts θi in the mode expansions of the various chiral fields. In this section we
will analyze in more detail how these shifts are related to the closed string moduli and
to the background magnetic field. To set up the notation, let us take a 2d-dimensional
torus T 2d, defined in terms of 2d real, dimensionless and periodic coordinates xM ∼
xM + 1, with a constant metric GMN and a constant anti-symmetric tensor BMN , both
with dimension of (length)2. The metric and theB field bring in, respectively, d(2d+1) and
d(2d− 1) real parameters, so that our toroidal compactification depends on a total of 4d2
parameters. In Section 2 we chose to diagonalize the monodromy matrix R so that 4d2−d
parameters are contained by the vielbein2 E and d are encoded in the eigenvalues of R.
Sometimes it is convenient to perform a different choice and introduce the vielbein without
making any request on the form of R in the new basis. This amounts to introducing
dimensionful flat coordinates X˜ by X˜A = EAMX
M that exhibit no simple periodicity, but
have an orthonormal metric δAB. If we impose no further conditions, the anti-symmetric
background B˜ (dimensionless) remains generic in such a frame, and the choice of frame
is ambiguous up to SO(2d) rotations. Thus the vielbein E contains (2d)2 − d(2d − 1)
independent parameters, just as the metric G. We can split the orthonormal coordinate
in two groups: X˜A → (X˜a, Y˜ a). We introduce then complex coordinates Za = (X˜a +
iY˜ a)/
√
2, i.e. in matrix notation we set
Z =
(
Z
Z¯
)
= S
(
X˜
Y˜
)
, S =
1√
2
(
1 i
1 −i
)
. (3.1)
The parameters of the metric G are now encoded in the complex vielbein E ′ = SE, which
is defined up to the realization of SO(2d) over the complex frame Z = (Z, Z¯). In presence
of an antisymmetric tensor, we can partially fix this ambiguity by requiring that, in the
complex frame, it is of type (1, 1). For instance in the heterotic context, it is natural to
use the B-field and fix the vielbein E ′ so that
B′ = t(E ′)−1B(E ′)−1 =
(
0 ib
−ib¯ 0
)
, (b† = b) . (3.2)
This form is invariant under the U(d) subgroup of SO(2d) acting block-diagonally on
the complex frame: Z → UZ, Z¯ → U¯ Z¯ and can be imposed by means of SO(2d)/U(d)
2The vielbeins E are indeed defined up to U(1)d rotations which leave both R and G invariant.
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transformations. The residual U(d) invariance can be used, for instance, to put the
complex vielbein E ′ in the form
E ′ =
1√
2
(
V 0
0 V
)(
1 U
1 U¯
)
(3.3)
with V real.
In Type I theories, it is more natural to ask the property (3.2) for Fσ. It might be
impossible to choose a complex structure so that all Fσ’s are (1, 1) forms, in which case
supersymmetry is broken [65]. We will return on this point in Section 5, when we compute
the v.e.v. of the auxiliary fields D and F . Now let us just notice that, if all Fσ’s are (1, 1)
forms, the reflection matrices R′σ are block diagonal in the complex basis
R′σ =
(
r′σ 0
0 r′σ
)
. (3.4)
There are several different ways to organize the compactification moduli which we
denote generically by m. When we are interested in holomorphicity properties, then it is
convenient to use the elements of the matrix U in Eq. (3.3), which are directly related to
the complex structure. In fact, the mixed tensor idzi⊗∂zi− idzi⊗∂zi depends only on U ,
when written in the (original) real basis (in the Type I case, the Ka¨hler structure arises
from the complexification of V (3.3) with the R-R 2-form). Alternatively, when one deals
with non-holomorphic terms, it is more natural to associate the moduli m directly to the
G. To write the vertex operator associated to a generic modulus, let us recall that the
closed string coordinates are given by
xµ(z, z) =
1
2
[
XµL(z) +X
µ
R(z)
]
and xM (z, z) =
1
2
[
XML (z) +X
M
R (z)
]
(3.5)
where the index µ labels the uncompact directions, and the subscripts L and R denote,
respectively, the left and right moving parts. For example one has, for any z ∈ C,
XML (z) = q
M
L − i2α′ pML log z + i
√
2α′
∞∑
n=1
[a MLn
n
z−n − a
†M
Ln
n
zn
]
. (3.6)
The fermionic string coordinates admit a similar left/right decomposition. The mode
expansion for Xµ and ψµ is formally identical to that of XM and ψM , the only difference
being that the former are chosen to be dimensionful. The massless closed string excitations
of the NS-NS sector that represent fluctuations of the metric G or of the B field along
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the compact directions3 are described by the usual vertex operators V ML (z) V
N
R (z), where
(in the 0-superghost picture) we have
V ML (z) =
[
∂XML (z) + i(kL ·ΨL)ΨML (z)
]
ei kL·XL(z) , (3.7a)
V NR (z) =
[
∂¯XNR (z) + i(kR ·ΨR)ΨNL (z)
]
ei kR·XR(z) . (3.7b)
In these expressions kL and kR denote the left and right momenta of the emitted state
while the symbol · is a shortcut for the vector product with metric ηµν . In general, when
kL 6= kR, a more careful definition of the vertex operator is necessary to ensure the bosonic
character of the operators VL,R [66]
WMN(z, z) = e−iπα
′(kL+kR)·pLV ML (z) e
iπα′(kL+kR)·pRV NR (z) . (3.8)
Actually we are not interested in Kaluza-Klein modes and we take kL and kR to be
aligned entirely along the uncompact directions. However, we perform a slight off-shell
extension of the closed string vertices, by formally taking, along the uncompact directions,
k2L = k
2
R = 0 with kL 6= kR. In this way we can have (kL + kR)2 6= 0, without spoiling the
conformal properties of the left (or right) part of the vertex.
The insertion of the operator (3.8) inside a string correlation function induces a varia-
tion of GMN and of −BMN , associated respectively to the symmetric and anti-symmetric
parts in the indices M and N 4. Thus, the variation due to a change in a generic modulus
m is produced by the following vertex operator
Wm(z, z) =
1
4πα′
∂
∂m
(G− B)MNWMN(z, z) . (3.9)
Since in toroidal compactifications the vertex (3.9) represents a truly marginal deformation
for any value of m, we can schematically write∫
d2z 〈· · ·Wm(z, z) · · · 〉 = ∂
∂m
〈· · · 〉 (3.10)
where · · · stand for any sequence of string vertex operators. The partial derivative with
respect tom is taken by keeping fixed at arbitrary values all other moduli, which are indeed
described by independent vertices. As it is intuitively natural, two different vertices Wm
3As already mentioned, in a complete orientifold compactification the B field is not dynamical; however
we will formally consider it on the same footing as G, in order to derive the dependence of the effective
action on the possible discrete values B can have [50].
4This can be seen by using (2.1) and taking the ∂m derivative of the Euclidean weight e
−S present in
the path integral; notice that the normalization of (3.9) depends also on our convention (3.5).
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and Wm′ are independent if the corresponding states are orthogonal, i.e. 〈m′|m〉 = 0.
For instance, the four dimensional dilaton φ4 is clearly independent of the moduli (3.9)
specifying the compact space, since it involves only string coordinates along the Minkowski
directions. This means that the differential equation we derive from (3.10) are computed
by keeping φ4 fixed. As it shown in [21], the dependence on the four dimensional dilaton
can be derived in the same way by inserting in (3.10) the appropriate vertex Wφ4 .
Let us now introduce a stack of D-branes wrapped on T 2d. On their world-volume we
may introduce a background field F whose components FMN are quantized as
1
2π
FMN =
pMN
lM lN
(3.11)
where pMN is the standard Chern class and lM is the wrapping number of the D-brane
around the cycle dXM . As discussed in Section 2, the open strings connecting two such
D-branes are described in terms of twisted bosonic and fermionic fields, whose monodromy
matrix R = R−1π R0 is defined in terms of the boundary reflection matrices Rσ given in
(2.4). These conformal fields and their correlation functions are described in the orthonor-
mal complex basis introduced in Eqs. (2.9) and (2.10), so that all relevant information
is encoded entirely in the d phases θi. Of course these twists, as well as the complex
vielbein E , depend on the 4d2 parameters contained in G and B. In the next sections
we will compute mixed amplitudes with insertions of closed string vertex operators Vm
inside correlators of twisted open strings, which, as indicated in (3.10), account for the
derivatives with respect to a NS-NS modulus m. For the physical interpretation of the
results it will be crucial to know how the twists θi depend on m. In particular it will be
important to know the derivatives of θi with respect tom. As shown in detail in Appendix
A, these are given by
2πi
∂θi
∂m
=
(
∂R
∂m
R−1
)
ii
=
1
2
(
E G−1 ∂(G−B)
∂m
[Rπ − R0] E−1
)
ii
− 1
2
(
E [R−1π − R−10 ] G−1 ∂(G +B)∂m E−1
)
ii
.
(3.12)
It is worth noticing the appearance in this formula of the same expression that plays
the role of the polarization in the vertex operator (3.9). Eq. (3.12) applies to a generic
toroidal configuration with any value of G and B, and to generic (i.e. non-commuting)
magnetic fluxes Fσ on the wrapped D-branes. To make contact with the set-up that is
usually considered in the literature, and as an illustration, we now consider the simple
case of D-branes on factorized torii with diagonal fluxes, which are T-dual to a system of
intersecting D-branes at angles.
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3.1 Factorized torus with commuting fluxes
Let us consider a model in which the internal torus T 6 is metrically factorized as T 2(1) ×
T 2(2)×T 2(3). Let us also assume that the background NS-NS field B and the gauge fields Fσ
respect this factorized structure. In this case we can treat each torus T 2(i) independently
of the others so that the problem becomes two-dimensional and drastically simplifies. In
each torus the real metric and B-field can be parameterized in terms of two complex
moduli T = T1 + iT2 and U = U1 + iU2 as follows
G = α′
T2
U2
(
1 U1
U1 |U |2
)
and B = α′
(
0 −T1
T1 0
)
. (3.13)
This parameterization with T and U is very convenient to discuss the effects of simple
T-duality transformations. Indeed, a T-duality along the x = x1 axis amounts just to the
exchange T ↔ U , while a T-duality along y = x2 corresponds to T ↔ −1/U . On each
torus the magnetic fluxes are of the form
2πα′Fσ = α
′
(
0 fσ
−fσ 0
)
, (3.14)
where fσ is real and quantized according to Eq. (3.11). We can use the complex vielbein
E =
√
α′T2
2U2
(
1 U
1 U
)
and E−1 = i
√
α′
2T2U2
(
U −U
−1 1
)
(3.15)
to put the metric in the form (2.10). In the resulting complex basis Z = EX it is
straightforward to compute the reflection matrices Rσ = ERσE−1 by specializing their
definition (2.4) to the present case and using Eq. (3.15). The result is
Rσ = −diag
(
T − fσ
T − fσ ,
T − fσ
T − fσ
)
. (3.16)
In this basis the monodromy matrix is diagonal R′ = diag (e2πiθ, e−2πiθ) with
e2πiθ =
T − fπ
T − fπ
T − f0
T − f0 . (3.17)
These formulas will be useful in later sections to make contact with some existing results
in the literature.
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4 Low-Energy Spectrum on D-branes with Fluxes
In this section we recall the main features of the open string low-energy spectrum for
systems of D9-branes with general magnetic fluxes. In a system with two or more stacks
of D9-branes, there are two classes of open strings: those that start and end on the
same set of D9-branes, and those which connect D9-branes with different magnetic fields.
The first type of open strings give rise to “untwisted” states transforming in the adjoint
representation of the gauge group living on the D9’s under consideration. In what follows
we will focus on the second type of open strings related to “twisted” states transforming
in the bi-fundamental representation. In the NS sector, the complete Hamiltonian for this
twisted open string is
HNS = Lxψ0 +L
(Z)
0 +L
(Ψ)
0 −
1
2
, with Lxψ0 =
(
α′pµ p
µ+
∑
n=1
a†µn a
µ
n+
∑
r= 1
2
r ψ†µr ψ
µ
r
)
. (4.1)
By using Eqs. (2.15) and (2.32) for L
(Z)
0 and L
(Ψ)
0 , we can express the mass-shell condition
for the NS sector as follows
(
Lxψ0 +N
(Z) +N (Ψ) − 1
2
+
1
2
3∑
i=1
θi
)
|φ〉NS = 0 . (4.2)
Finally, in order to define the physical spectrum, we should specify the GSO projection.
In the NS sector, the GSO projection on open strings stretched between two D-branes
is defined to remove the vacuum and to select only those states with an odd number
of fermionic oscillators acting on it. The opposite choice would describe an open string
stretched between a D-brane and an anti-D-brane. It follows from the observation made
just after Eq. (2.31) that we can now interpolate continuously between these two situ-
ations. In fact, when one of the angles θi is bigger than 1/2 the usual GSO projection
with respect to |Θ〉NS selects the vacuum (i.e. Ψ † i1
2
−θi
|Θ〉NS) as well as all states with an
even number of fermionic oscillators acting on it5. Thus we have two possibilities: we
can limit the range of the angles to [0, 1/2] and specify in each case whether we take the
brane/brane or the brane/anti-brane GSO; otherwise we keep the interval 0 ≤ θi < 1,
but we stick always to the same GSO. Here we will use this second option. Then the first
5The case θi =
1
2 is special and requires a separate treatment due to the appearance of zero modes.
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low-lying states in the spectrum are:
1 vector ψ†µ1
2
|k; Θ〉NS 2α′M2 =
3∑
j=1
θj , (4.3a)
3 scalars Ψ † i1
2
+θi
|k; Θ〉NS 2α′M2i =
3∑
j 6=i
θj + 3θi , (4.3b)
3 scalars Ψ
† i
1
2
−θi
|k; Θ〉NS 2α′M2i =
3∑
j 6=i
θj − θi . (4.3c)
where |k; Θ〉NS is the twisted vacuum with four dimensional momentum kµ. With our
convention, it is clear that the vector (4.3a) and the three scalars (4.3b) never contribute
to the low-energy spectrum except when all θi’s are small. In fact they can survive the
field theory limit α′ → 0, only if all θi goes to zero as α′ does. On the contrary, some of the
scalars (4.3c) may remain in the effective theory also for non-zero twists: for particular
values of the θi’s they are massless, but in general they are massive. To appreciate better
this point, let us write the twists as follows6
θi = θ
(0)
i + 2α
′ǫi (4.4)
where θ
(0)
i and ǫi are quantities which are kept fixed in the limit α
′ → 0. In other words,
θ
(0)
i is the “field theory” value of the i-th twist, while ǫi, which has dimensions of a (mass)
2,
is its sub-leading string correction. Inserting (4.4) in the mass formula (4.2), we find
M2i =
1
2α′
(
3∑
j 6=i
θ
(0)
j − θ(0)i
)
+
3∑
j 6=i
ǫj − ǫi . (4.5)
Therefore, by suitably choosing the θ
(0)
i ’s we can cancel the term in brackets and obtain,
in the limit α′ → 0, a finite mass for some of the states (4.3c)7. Thus, the spectrum is in
general non-supersymmetric, but it is known that the presence of a non-trivial mass (4.5)
breaks supersymmetry spontaneously. In the field theory limit this breaking appears
6We recall that a behavior like (4.4) is typical in the instanton sector of non-commutative gauge
theories realized with open strings in a non-trivial B background. In fact, some of the instanton moduli
correspond to twisted open strings for which the sub-leading corrections ǫi are related to the dimensionful
non-commutativity parameter [67]. Moreover, a scaling behavior like (4.4) has been considered also in
the field theory analysis of intersecting brane models [22].
7Using (4.4) in the mass formulas (4.3a) and (4.3b), we may find a finite non-zero mass for the vector
(4.3a) and the scalars (4.3b) only if all θ
(0)
i ’s are zero.
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simply as a Fayet-Iliopoulos term due to the presence of non-trivial v.e.v.’s of the auxiliary
field D in the U(1) gauge superfields [68, 69, 70]. This observation will be important for
our future calculations and we will give a direct stringy proof of this statement in Section 5.
In view of these considerations, from now on we will focus on the scalars (4.3c), which
we denote by φi. Recalling our discussion of Section 2 and adopting the notation presented
there, we can see that the vertex operator for the emission of φi with momentum kµ is
(in the (−1)-superghost picture)
Vφi(z) = φ
i(k)
3∏
j=1
(
SθF
j (i)
(z) σθj (z)
)
e−ϕ(z) ei k·X(z) (4.6)
where ϕ is the chiral boson of the superghost bosonization formulae, and σθj and SθF
j (i)
are the bosonic and fermionic twist fields. The labels of the latter are
θFj (i) =
{
θj for j 6= i
θj − 1 for j = i
(4.7)
which, according to Eq. (2.43), correspond to take
SθF
j (i)
(z) =
{
sθj (z) for j 6= i
tθj(z) for j = i .
(4.8)
One can easily check that the vertex (4.6) has conformal dimension 1 if the mass-shell
condition (4.3c) is satisfied.
The complex conjugate scalars φ
i
are associated to twisted open strings with the
opposite orientation as compared to those considered so far, and thus their corresponding
vertex operators (again in the (−1)-superghost picture) are
V
φ
i(z) = φ
i
(k)
3∏
j=1
(
S−θF
j (i)
(z) σ−θj (z)
)
e−ϕ(z) ei k·X(z) . (4.9)
Finally, we remark that the polarizations φi and φ
i
of the vertices (4.6) and (4.9) contain
the appropriate Chan-Paton factors for the bi-fundamental representations of the gauge
group, and have dimensions of (length)−1 in units of 2α′.
Let us now consider the twisted R sector. For generic values of the twists θi’s, only
the four fermionic coordinates ψµ along the uncompact directions have zero modes, and
thus the vacuum will carry a spinor representation of the four-dimensional Lorentz group
SO(1, 3). Furthermore, in the R sector the GSO projection selects a definite chirality (say
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positive) for such a spinor, which therefore can be denoted by |α, k; Θ〉R, with α being a
chiral spinor index. The complete Hamiltonian HR0 of the R sector is given by the obvious
generalization of (4.1) in which the ψµ’s have integer moding and the twisted fermions
are as in (2.29) with ν = 0. As a consequence, there is a cancellation between the bosonic
and fermionic c-number terms due to normal ordering, so that cR = 0, and the mass-shell
condition for any state |φ〉R is
LR0 |φ〉R = 0 . (4.10)
Applying this formula to the vacuum |α, k; Θ〉R, we can deduce that k2 = 0 for any non-
zero value of the twists θi. The vertex operator associated to such a massless spinor,
which we will denote by λα, is (in the (−1/2)-superghost picture)
Vλ(z) = λα(k)S
α(z)
3∏
j=1
(
sθj− 12
(z) σθj (z)
)
e−
1
2
ϕ(z) ei k·X(z) (4.11)
where Sα is the chiral spin-field of SO(1, 3) and the polarization λα has dimensions of
(length)−3/2 in units of 2α′. One can easily check that this vertex operator has conformal
dimension 1 if k2 = 0.
When one of the twist parameters is zero, one of the internal complex fermions Ψi
ceases to be twisted and two extra fermionic real zero-modes appear. In this case the vac-
uum becomes doubly degenerate and one finds two massless fermions in four dimensions.
When all twists are vanishing, all internal fermions have zero-modes and, upon compact-
ification, one finds four massless fermions in the resulting four-dimensional theory.
In summary, the low-energy spectrum of open strings stretched between two stacks of
D9 branes consists of one chiral massless fermion and a number of scalars that are gener-
ically massive (or tachyonic). For specific values of the fluxes and hence of the twists, one
or more scalars may become massless and supersymmetric configurations may be realized.
This situation can be conveniently represented in terms of a tetrahedron in the twist pa-
rameters space [3], as shown in Fig. 1. This represents supersymmetric configurations and
separate an inner region, where the scalars are all massive, from an outer region, where
the scalars become tachyonic. Faces, edges and vertices of the tetrahedron correspond to
N = 1, N = 2 and N = 4 configurations, respectively. Notice that in our conventions,
where the twists θi’s are taken in the range [0, 1), the vertices A, B and C, and the face
(ABC) are in fact not part of the moduli space. Of course one could change conventions
and choose a different parameterization without changing the physical conclusions. We
will briefly return on this point in Section 5.
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Figure 1: The tetrahedron in θ-space.
5 Moduli Dependence of the Ka¨hler Metric
In this section we compute the dependence on the closed string moduli of the Ka¨hler
metric for the chiral matter in the effective action of magnetized D9-branes. Exploiting
T-duality, this system can be used also for brane-worlds involving branes at angles with
arbitrary open string fluxes. Our analysis generalizes previous results in the literature
since we obtain an expression for the Ka¨hler metric that is valid not only for commuting
and supersymmetric fluxes on factorized torii, but also for arbitrary non-commuting and
non-supersymmetric configurations on generic torii.
Let us then consider the chiral fields (4.3c) arising from θ-twisted open strings con-
necting two (stacks of) D9-branes with generic non-commuting open string fluxes. The
moduli dependence of the Ka¨hler metric can be extracted from a 3-point function on a
disk involving two open twisted matter fields φi and φ¯i, and one closed string parameter
m, namely
Amφ¯iφi =
1
2α′
〈Vφ¯i Wm Vφi〉 . (5.1)
The normalization in this amplitude can be obtained by using the results of Appendix A
of Ref. [71]8, but, as we shall see, it can also be fixed independently by using the value of
the tree-level mass given in (4.3c).
In order to extract the Ka¨hler metric from Amφ¯iφi, a few steps must be performed.
First of all, to write the results in terms of (properly normalized) field theory quantities,
the open string vertices should be transformed from the canonically normalized string
8In particular it sufficient to use Eq. (A.16) of that paper with the caveat that the normalization of
the twisted scalar (4.6) is one-half of the normalization of the gluon vertex operator.
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theory basis to the field theory basis according to
Vφi → (Kii)1/2 Vφi , Vφ¯i → (Kii)1/2 Vφ¯i (5.2)
where Kii is the Ka¨hler metric for the i-th matter multiplet. Second, a factor of i must
be introduced to transform the string scattering amplitude into the corresponding term
in the effective action. The string/field theory dictionary then reads
Amφ¯iφi = i (Kii)−1
∂
∂m
L(2) , (5.3)
where L(2) is the quadratic part of Lagrangian of the twisted scalars with the field theory
normalization. In our conventions, with a mostly plus metric, this Lagrangian reads
L(2) = −Kii
(
∂φ¯i · ∂φi +M2i φ¯i φi
)
. (5.4)
Thus, from (5.3) and going to momentum space, one finds
Amφ¯iφi = i (Kii)−1
∂
∂m
[ (
k1 · k2 − M2i
)
Kii
]
φ
i
(k1)φ
i(k2)
= i
[
− ∂M
2
i
∂m
+
(
k1 · k2 −M2i
) ∂ lnKii
∂m
]
φ
i
(k1)φ
i(k2) ,
(5.5)
where in the second line we have explicitly taken into account the dependence of the mass
M2i on the open string twists and hence on the closed string moduli.
The correlator (5.1) is a mixed open/closed string amplitude which can be computed
after writing the closed string vertex operator Wm in terms of the propagating (twisted)
open string. This is done by using the boundary conditions on the disk discussed in
Section 2, which imply in particular
V ML (z) = V
M(z) , V MR (z¯) = (R0)
M
N V
N(z¯) (5.6)
along the compact directions9, and
V µL (z) = V
µ(z) , V µR (z¯) = V
µ(z¯) (5.7)
along the uncompact ones. Thus, the amplitude (5.1), including the cocycle introduced
in Eq. (3.8), can be written as
Amφ¯iφi =
e−iπα
′kL·kR
8πα′2
[
∂
∂m
(G− B) · R0
]
MN
〈Vφ¯i V MV N Vφi〉 . (5.8)
9Notice that since the vertex operators VM are written in terms of twisted conformal fields, the
reflection rules (5.6) automatically take into account the presence of different boundary conditions on the
disk.
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In the orthonormal basis (2.9), one finds
Amφ¯iφi =
[
∂
∂m
(G− B) · R0
]
MN
(E−1)Ma (E−1)Nb Aab(i) (5.9)
where the indices a, b = (i, i¯) = 1, ...6 span the orthonormal frame, in which the mon-
odromy matrix R is diagonal and the metric G is of the form (2.10), and (E−1)Ma is the
inverse of the vielbein EaM introduced in Eq. (2.9). The matrix A(i) is explicitly given by
A(i) ≡
(
0 Aj(i) δ
jk
Aj(i) δ
jk 0
)
(5.10)
where
Aj(i) =
e−iπα
′kL·kR
8πα′2
〈Vφ¯i V jV j Vφi〉 , (5.11)
and Aj(i) is given by the same expression (5.11) with V
j and V j exchanged.
The string correlator Aj(i) has to be computed in the orthonormal basis, where one can
use the CFT results summarized in Section 2. It is important to notice that although Aj(i)
depends only on the open string twists θi’s, the full amplitude Amφ¯iφi contains additional
dependencies on the various closed string moduli through the reflection matrix R0 and
the inverse vielbein E−1. In summary, the computation of the string amplitude Amφ¯iφi
elegantly separates into two pieces: the correlator Aj(i) and a prefactor that carries the
information on the specific closed string modulus inserted and the boundary conditions.
Let us start computing the first piece.
5.1 The string correlator
Here we derive the four point function Aj(i) defined in (5.11). For the chiral matter fields
φi and φ
i
we take the vertex operators (4.6) and (4.9) for which the mass-shell condition
is
α′k21 = α
′k22 =
1
2
− 1
2
∑
i
[
(θFj(i))
2 + θj(1− θj)
]
=
1
2
∑
j
ǫFj(i) θj = −α′M2i (5.12)
where
ǫFj(i) =
{
1 i = j ,
−1 i 6= j . (5.13)
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For the closed string modulus, we use the vertices (3.7) with the identifications (5.6).
Thus, the amplitude (5.11) can be written as
Aj(i) =− φ
i
(k1)φ
i(k2)
4πα′
∫
dx1 dx2 d
2z
dVCKG
e−iπα
′kL·kR W (x1 − x2)−1 (z − z¯)−2
×
[
Ajbos(x1, z, z¯, x2|σθj)− 2α′kL · kRAjferm(x1, z, z¯, x2|SθFj(i))
] (5.14)
where Ajbos and A
j
ferm are the correlators given in Eqs. (2.21) and (2.44) respectively, and
W is defined by
W ≡ 〈eik1·X(x1) eikL·X(z) eikR·X(z¯) eik2·X(x2)〉 3∏
j=1
[〈σ−θj (x1)σθj (x2)〉 〈S−θF
j(i)
(x1)SθF
j(i)
(x2)〉
]
= (x1 − x2)−1 ωα′(t+M2i ) (1− ω)α′s (5.15)
in terms of the anharmonic ratio
ω =
(x1 − z)(z¯ − x2)
(x1 − z¯)(z − x2) ( |ω| = 1 ) , (5.16)
and the Mandelstam variables
s = (k1 + k2)
2 = (kL + kR)
2 ,
u = (k1 + kL)
2 = (k2 + kR)
2 ,
t = (k1 + kR)
2 = (k2 + kL)
2 ,
(5.17)
with
k2L = k
2
R = 0 , k
2
1 = k
2
2 = −M2i , s+ t + u = −2M2i . (5.18)
In the following we keep the open strings on-shell, but we take the closed string off-shell.
If also the closed string were on-shell, we would have u = t and s = 0. In our off-shell
extension, instead, we retain the relation u = t but keep s non-vanishing, i.e. we take
s = −2(t +M2i ).
Finally, in (5.14) the open string punctures x1 and x2 are integrated on the real axis,
while the closed string variable z is integrated on the upper-half complex plane, modulo
the Sl(2,R) projective invariance which is fixed by the Conformal Killing Group volume
dVCKG. Using this fact, one can show that
dx1 dx2 d
2z
dVCKG
(x1 − x2)−2 (z − z)−2 = (1− ω)−2dω (5.19)
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and thus the amplitude Aj(i) in (5.14) becomes
Aj(i) = −φ
i
(k1)φ
i(k2)
4πα′
e−iπα
′s/2
∫
C
dω ω−θj−α
′s/2(1− ω)α′s−2
[
1− θj(1− ω)−α′s ωθj−θ
F
j(i)
]
.
(5.20)
Notice that the original integral over z takes into account all possible orderings of the
closed string insertion along the open string boundary. In the ω-variable this translates
into a closed integral C along the unit circle |ω| = 1 clockwise oriented10. The integrand
in (5.20) has a branch cut along the positive real axis and thus the contour C must be
deformed in order to circumvent the cut singularity. So we have to perform the integration
just below the cut for ω ∈ [0, 1] and then subtract the contribution from above the cut for
ω ∈ e−2πi[0, 1]. Using the definition of the Euler B-function, the amplitude (5.20) takes
the form
Aj(i) = − iφ
i
(k1)φ
i(k2)
2πα′
eiπθj sin
[
π
(
θj + α
′s/2
)]{
B(1− θj − α′s/2, α′s− 1)
− θj B(1− θj − α′s/2, α′s)− α′sB(1− θFj(i) − α′s/2, α′s− 1)
}
= − iφ
i
(k1)φ
i(k2)
4πα′
ǫFj(i) e
iπθj sin
[
π
(
θj + α
′s/2
)] Γ(α′s+ 1)Γ(1− θj − α′s/2)
Γ(1− θj + α′s/2)
(5.21)
where ǫFj(i) are the signs introduced in (5.13).
In order to extract information about the low energy effective action, a few further
steps must be performed. First we have to expand our result (5.21) in powers of α′s, then
take the limit α′ → 0 keeping the mass Mi fixed: in this way the first two terms in such
expansion yield the mass and the kinetic terms for the scalar fields, if we use the relation
s = 2k1 · k2 − 2M2i . Then, we get
Aj(i) = − iφ
i
(k1)φ
i(k2)
4πα′
ǫFj(i) e
iπθj sin(πθj)(1− 1
2
α′s ρj) + O
(
α′s2
)
(5.22)
with
ρj = ψ(1− θj) + ψ(θj) + 2γE . (5.23)
Here γE is the Euler-Mascheroni constant and ψ(x) = d lnΓ(x)/dx. In writing ρj as in
(5.23), we have used the identity ψ(1−θj) = ψ(θj)+π cos(πθj)/ sin(πθj). Notice that the
10To see that the unit circle C is clockwise oriented we can consider the definition of ω in Eq. (5.16)
and take the limits x1 → ∞ and x2 → 0, so that ω → z/z. Since z ∈ H+, we easily see that ω → e−2iϕ
with 0 ≤ ϕ < π, and thus C is covered clockwise.
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result (5.22) holds independently from supersymmetry, i.e. it is valid both for Mi = 0
and Mi 6= 0, and is exact in α′.
Proceeding as above, one can show that the amplitude Aj(i) is given by the same
expression (5.22) with eiπθj replaced by e−iπθj .
5.2 Identifying the Ka¨hler metric
In this section we finally extract the Ka¨hler metric Kii from the string amplitude Amφ¯iφi .
In order to achieve this goal, we show that the string amplitude can be written in the
form (5.5) from which the expression of the Ka¨hler metric can be read off. Let us define
for convenience
hj(i) =
φ
i
(k1)φ
i(k2)
4πα′
ǫFj(i)
(
1− 1
2
α′ s ρj
)
(5.24)
and introduce the matrix
H(i) =
(
hj(i) δ
j
k 0
0 −hj¯(i) δj¯k¯
)
with hj¯(i) = hj(i) . (5.25)
Then, after simple manipulations one sees that Eq. (5.10) can be rewritten as
A(i) = 1
2
G−1 (R−1 − 1)H(i) . (5.26)
Plugging this back into Eq. (5.9), one finally finds
Amφ¯iφi = tr
[
tE−1 ∂
∂m
(G− B) R0 E−1 tA(i)
]
=
1
2
tr
[
tE−1 ∂
∂m
(G− B) (Rπ − R0) E−1H(i) G−1
]
=
1
2
3∑
j=1
[(
E G−1 ∂(G−B)
∂m
(Rπ −R0) E−1
)
jj
− h.c.
]
hj(i) .
(5.27)
At this point the crucial observation is that the term multiplying hj(i) in the above ex-
pression can be written as a total derivative with respect to m. This fact follows from the
non-trivial identity (3.12), whose proof is presented in Appendix A. Using this identity
in (5.27), we find
Amφ¯iφi = 2πi
3∑
j=1
hj(i)
∂θj
∂m
. (5.28)
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Then, inserting the relation s = 2k1 · k2 − 2M2i in the explicit expression of hj(i) given in
(5.24), we get
2πhj(i) = ǫ
F
j(i)
[
1
2α′
− 1
2
(
k1 · k2 −M2i
)
ρj
]
φ
i
(k1)φ
i(k2)
=
[
ǫFj(i)
2α′
+ (k1k2 −M2i )
d
dθj
ln
(
e−2γEθj
Γ(1− θj)
Γ(θj)
)ǫF
j(i)
/2
]
φ
i
(k1)φ
i(k2)
(5.29)
where in the last step we have used the definition (5.23) for ρj. From the analysis of the
spectrum we know the value of the tree-level mass M2i = − 12α′
∑
j ǫ
F
j(i) θj , which allows
to interpret the first term in the equation above as −∂M2i /∂θj . Notice that this is a
way to fix unambiguously the overall normalization of the string amplitude and thus also
the power of the Ka¨hler metric below. At this point we can use Eq. (5.28) to write the
amplitude Amφ¯iφi in the form of Eq. (5.5) and read the explicit form of K
Kii(θ) = e
2γE α
′M2i
3∏
j=1
(
Γ(1− θj)
Γ(θj)
)ǫF
j(i)
/2
. (5.30)
Formula (5.30) is the main result of this paper and, as we discuss below, it generalizes
previous results in the literature. It displays the full moduli dependence of the Ka¨hler
metric of the chiral matter coming from the θ-twisted open strings and holds for an
arbitrary brane setup in presence of generic non-commuting fluxes. Notice that the result
(5.30) holds independently on whether supersymmetry is preserved or broken, i.e. it is
valid even when Mi 6= 0. Remarkably, the Ka¨hler metric is always determined by a simple
function of the twists θi. It is worth stressing that in this derivation it is useful to keep
Mi 6= 0 in order to fix the overall normalization of the string amplitude, including the
sign, and hence to determine in the end the exact power in (5.30).
Notice that Eq. (5.30) is exact in α′. The field-theory result is obtained by taking the
limit α′ → 0 with M2i fixed. In this limit the exponential vanishes and the Ka¨hler metric
entering the field-theory Lagrangian finally reads
K
(0)
ii = lim
α′→0
Kii(θ) =
√√√√Γ(1− θ(0)i )
Γ(θ
(0)
i )
∏
j 6=i
√√√√ Γ(θ(0)j )
Γ(1− θ(0)j )
(5.31)
where θ
(0)
j = limα′→0 θj as in (4.4), and the signs ǫ
F
j(i) for the scalar φ
i have been made
explicit.
Some comments are in order at this point. First we notice that if we start from a
non-supersymmetric set of θi’s, the only way to decouple one of the twisted scalars from
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the string scale is to suppose that the θ
(0)
i ’s satisfy a supersymmetric constraint, as is
clear from the mass formula (4.5). This means that one is considering a particular point
in Fig. 1 which is at a “stringy” distance from a given supersymmetric configuration, in
such a way that one scalar can survive in the field theory limit α′ → 0 with a finite mass.
As we will discuss in the next section this breaking can be interpreted at the field theory
level as coming from a non-vanishing v.e.v. of a Fayet-Iliopoulos term.
Notice that in our derivation we have chosen a set of conventions for which the N = 4
supersymmetric point included in our θ-space is the vertex O of the tetrahedron in Fig. 1.
However, our results hold for any other choice. For instance, we could repeat the above
analysis with different conventions and consider a field theory where the starting point
is another N = 4 vertex of the tetrahedron in Fig. 1. In this case, the scalar becoming
massless on the outer wall (ABC) would now enter the low energy effective spectrum and
its Ka¨hler metric would be
K(0) =
3∏
j=1
(
Γ(1− θ(0)j )
Γ(θ
(0)
j )
)1/2
. (5.32)
This is the scalar that is usually considered in the literature. However, we point out
that the exponent in Eq. (5.32) has a different sign as compared to previous findings,
but it agrees with the result of Ref. [54]. In the Heterotic computations [49] the Ka¨hler
metric for the scalar fields is derived from a four point amplitude on the sphere. One may
wonder why in models with open strings it is possible to derive this result from a three
point function and, conversely, what roˆle a four point function would have in this context.
However, at the CFT level, the insertion of a closed string on a disk is equivalent to the
insertion of two open vertices. Thus the Koba-Nielsen integrals are those also considered
in Ref. [49]. Of course, the space-time interpretation and kinematics are those of a three
point function. Thus, to get a meaningful result, it is important to give a prescription to
continue the string amplitude off-shell, as we do, at least in the field theory limit. It would
be very interesting to check this off-shell prescription by computing disk diagrams with the
insertion of two moduli vertices and see whether the results are consistent with Eq. (5.30).
This is a challenging computation and some preliminary results were presented in [21] for
the factorized and commuting case. The authors of [21] suggested that the differential
equations derived from the three point function should actually be modified to agree with
the results coming from higher point amplitudes. Here we seem to have no room for
modifications of this type. We present a check of this in Appendix B; there we focus
on the untwisted scalars where it is possible to compare the result with the Born-Infeld
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action and we find complete agreement. So we believe that our off-shell prescription is
able to capture the full NS-NS moduli dependence of the metric for all scalar fields.
5.3 Commuting cases
To make contact with previous results in the literature, here we illustrate our results in the
simplest situation where the flux and the reflection matrices Rσ commute. Representatives
of this commuting case are the branes with “diagonal fluxes ” discussed in Section 3.1.
Using the results derived there (but dropping for simplicity the index i labeling the three
torii T 2i ), one can explicitly verify that derivatives of the twist parameter satisfy Eq. (3.12).
Indeed, from (3.17) it follows that
2πi
∂θ
∂T
=
fπ − f0
(T − fπ)(T − f0) . (5.33)
Using Eqs. (3.13) – (3.15) it is not difficult to check that the general relation (3.12)
correctly reproduces Eq. (5.33) (see Appendix A.1 for further details).
As is well-known, a T-duality along the y direction of the torus T 2 corresponds to the
exchange T ↔ −1/U , and the magnetized branes of the type IIB theory become branes
of type IIA intersecting at angles. A careful analysis of the boundary conditions (2.5)
reveals that under this T-duality the reflection matrices (3.16) transform into
R′σ =
(
0 −1+U fσ
1+U fσ
−1+U fσ
1+U fσ
0
)
. (5.34)
Clearly R′0 and R′π commute with each other. These T-dual reflection matrices depend on
the complex structure U and the quantized magnetic fluxes fσ, but are independent of the
Ka¨hler modulus T , in contrast to the original matrices Rσ of Eq. (3.16). The monodromy
matrix R′ = (R′π)−1R′0 of the T-dual theory is of the form R′ = diag (e2πiθ′ , e−2πiθ′) with
e2πiθ
′
=
1 + U fπ
1 + U fπ
1 + U f0
1 + U f0
, (5.35)
which is the direct T-dual transform of Eq. (3.17). In this case the twist θ′ represents the
intersecting angle between the two D-branes to which the open string is attached. If we
take one of the branes to lie on the x axis, i.e. if we set f0 = 0, then Eq. (5.35) can be
simply rewritten as
tan(πθ′) =
U2 p
q + U1p
(5.36)
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where the quantization condition fπ = p/q has been used. This is the usual relation of the
angle between two D-branes with the complex structure moduli of the two-dimensional
torus T2 in which they intersect, a relation that can be easily understood and derived also
in geometrical terms. From Eq. (5.36) it follows that
2πi
∂θ′
∂U
=
2p
(q + U p)
, (5.37)
which again agrees with the general result (3.12). Notice that indeed Eqs. (5.33) and
(5.37) are related by the T-duality map T ⇔ − 1
U
. More generally, under a T-duality
transformation X¯M = TMNX¯
N , it can be shown that the flux matrices transform as [72]
[R′σ(m
′)]
M
N = [Rσ(m(m
′))]
M
P T
P
N (5.38)
where m and m′ the T-dual moduli and the d× d matrix TMN satisfies TMN = TNM and
T 2 = 1. The dependence on this matrix T cancels out in the monodromy matrix R and
therefore open string twists in T-dual theories are simply related by replacing m ⇔ m′.
The case of the T-duality in the y direction of the two torus T 2 discussed above is just
an explicit example of this more general statement.
5.4 Supersymmetry breaking by D- and F -terms
In presence of generic fluxes (or angles) supersymmetry may be broken by D- and F -
terms. Here we would like to analyze explicitly from a string theory point of view these
mechanisms starting from the one produced by D-terms.
Let us then compute the v.e.v. of the auxiliary fields D of the gauge vector multiplet
for our system of magnetized branes with generic fluxes. Since the chiral matter arises
from open strings stretched between two (stacks of) D9-branes, we should consider both
the D field of the gauge multiplet for the branes at σ = 0 and the D field on the branes
at σ = π, and then focus on their respective U(1) parts which are the only ones that can
get a v.e.v. In particular we should compute from string diagrams the difference
〈D〉π − 〈D〉0 (5.39)
and show that, as expected, it corresponds to a mass for the twisted chiral matter. Just
like we did for the Ka¨hler metric, we will actually compute the derivative of the above
quantity with respect to a closed string modulus m, rather than the v.e.v.’s themselves.
More precisely we consider a disk amplitude between a vertex operator VD for the auxiliary
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field D and a closed string vertex operator Wm for the modulus m, and read from it the
v.e.v. of the D fields according to
AmD ≡ 〈Wm VD〉π − 〈Wm VD〉0 = i ∂
∂m
(
〈D〉π − 〈D〉0
)
(5.40)
where the subscripts 0 and π on the string correlators indicate that the appropriate
boundary conditions for the branes at σ = 0 and σ = π should be enforced. Auxiliary
fields are realized in string theory in terms of non-BRST invariant operators in the 0-
superghost picture (see, for example, Ref. [73] for details and Ref. [74] for some recent
applications in mixed open/closed string amplitudes) given by
VD(z) =
1
2
ξ(i)MN : Ψ
M(z)ΨN(z) : (5.41)
where ξ(i) is the imaginary part of the Ka¨hler form of the internal torus. The label (i)
specifies along which N = 1 supersymmetry, out of the starting N = 4, the auxiliary field
under consideration is aligned11. In the complex basis (2.9) we have
tE−1 ξ(i) E−1 =
(
0 ǫFj(i) δjk¯
−ǫFj(i) δj¯k 0
)
(5.42)
where are the signs introduced in Eq. (5.13). In writing ξ(i) in this form we use the fact
that in the orthonormal basis the metric of the torus is of the form (2.10) and rearrange
rows and columns in order to ensure that the twists θi’s are all positive.
Since the vertex VD is in the 0-superghost picture, we need to take the closed string
vertex Wm in the (−1,−1) picture, where it is given by Eq. (3.9) with
V ML (z) =
1√
2
e−ϕL(z)ΨML (z) and V
M
R (z) =
1√
2
e−ϕR(z)ΨMR (z) . (5.43)
As already mentioned, the amplitude AmD receives contributions from insertions in the
disks at σ = 0 and σ = π with boundary conditions parameterized by the reflection matrix
Rσ, so that the identifications of the left and right moving parts of the closed string with
the propagating (untwisted) open string are
V ML (z) = V
M(z) and V MR (z) = (Rσ)
M
NV
N(z) . (5.44)
11Here we use the same notation already adopted to distinguish the three faces of the tetrahedron of
Fig. 1, which correspond to three differentN = 1 supersymmetries. The fourth supersymmetry associated
to the outer face of the tetrahedron is out of the present discussion, but, as we have already seen, it could
be incorporated without any problem by simply changing our conventions.
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Collecting all pieces one finds
AmD = 1
16πα′
ξ(i)PQ
[
∂
∂m
(G− B) (Rπ −R0)
]
MN
×
∫
dx d2z
dVCKG
〈
e−ϕ(z)ΨM(z) e−ϕ(z)ΨN(z) : ΨPΨQ : (x)
〉
=
1
8πα′
tr
[
G−1 ξ(i)G
−1 ∂
∂m
(G− B) (Rπ − R0)
]
.
(5.45)
Notice that the full dependence on world-sheet positions cancels in the integrand in agree-
ment with the Sl(2,R) invariance. That only the U(1) part of VD contributes to AmD is
clear since this amplitude is proportional to the trace of the Chan-Paton factor carried
by the D-vertex. Finally, using (5.42) to rewrite the polarization ξ(i) in the orthonormal
basis and exploiting the non-trivial identity (3.12), one finds
AmD = − 1
8πα′
3∑
j=1
[(
E G−1 ∂(G− B)
∂m
(Rπ − R0) E−1
)
jj
− h.c.
]
ǫFj(i)
= − i
2α′
3∑
j=1
ǫFj(i)
∂θj
∂m
= i
∂M2i
∂m
.
(5.46)
Comparing with Eq. (5.40), we see that indeed M2i = 〈D〉π − 〈D〉0, thus proving that
the twisted scalars φi become massive when the D fields acquire a v.e.v. This calculation
shows also in a very explicit way that the subleading terms ǫi in the open string twists,
defined in (4.4), which responsible for the scalar mass, have the interpretation of Fayet-
Iliopoulos parameters in the effective low-energy theory.
In a similar way one can compute also the F -terms, i.e. the v.e.v. of the auxiliary fields
F i and F i¯ of the adjoint chiral multiplets of the untwisted sector. Their corresponding
vertex operators are of the form
VF i(z) =
1
2
ζ iMN : Ψ
M(z)ΨN(z) : and VF i¯(z) =
1
2
ζ i¯MN : Ψ
M(z)ΨN (z) : (5.47)
where the polarizations ζ i and ζ i¯, in the complex orthonormal basis, are
tE−1 ζ i E−1 ∼
(
0 0
0 δij¯ ǫj¯k¯ℓ¯
)
and tE−1 ζ i¯ E−1 ∼
(
δ i¯j ǫjkℓ 0
0 0
)
. (5.48)
Notice that unlike the polarization (5.42) of the D vertex operator, these polarizations
have non vanishing entries in the diagonal blocks when they are expressed in the orthonor-
mal frame.
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The v.e.v. of F i and F i¯ can be obtained from the string amplitudes AmF i and AmF i¯ ,
which have the same form as (5.45) but with ξ(i) replaced by ζ
i and ζ i¯. Due to the
structure of these polarizations, we immediately see that in the interesting case where
fluxes are of type (1, 1) and ∂m(G−B) is block off-diagonal, there is no F-term since the
trace in (5.45) vanishes. In this way we see that fluxes of type (1,1) do not give rise to
any F -term and hence do not break supersymmetry. On the contrary, fluxes of the type
(2,0), which correspond to a ∂m(G − B) with non-vanishing entries also in the diagonal
blocks, do produce an non-vanishing F -term amplitude and hence induce a non-vanishing
v.e.v. for these auxiliary fields. From the structure of the vertex operators (5.47) it is
easy to realize that in the field theory limit F i and F i¯ do not couple to the chiral fields
of the twisted sector, and thus the presence of a non-vanishing F -term does not break
supersymmetry there. However, supersymmetry will be broken by these F -terms in other
sectors, for example in the bulk.
6 Relation with the Yukawa Couplings
The Yukawa couplings among the fields arising from intersecting or magnetized brane
worlds admit a nice stringy description [18], which represents actually one of the strong
points of such constructions. We focus on the couplings between chiral fermions and
scalars all arising from twisted strings. In this stringy description, the couplings appearing
in the Yukawa terms of the effective action have the form
YIJK = AIJKWIJK , (6.1)
where I, J,K are generic indices denoting the various scalars and fermions, which we will
specify better in the cases we are actually concerned with. HereWIJK we denote classical
contributions, which in the case of intersecting branes [18, 19, 20, 21] are given by world-
sheet instantons bordered by the intersecting branes12. In this context, since the replica
families of fields arise from multiple intersections of the branes, the different areas of the
minimal world-sheet connecting different intersections provide naturally an exponential
hierarchy of couplings, see Fig. 2a).
The (string) quantum contributions AIJK to the couplings are instead provided by the
correlator of the twisted emission vertices of a scalar VφI (from the NS sector of a twisted
12The world-sheet instanton contributions have obviously a counterpart in the magnetized brane mod-
els, which is discussed for instance in [22].
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VλK
VφI VλJ
a)
φI λJ(1) λ
J
(2)
λK(1)
λK(2)
b)
Figure 2: a) Classical contributions WIJK to the Yukawa couplings in intersecting D-brane
models. b) Quantum contributions AIJK are given by string correlators
string) and of two fermions VλJ and VλK , from the R sector of two other twisted strings,
see Fig. 2b)
AIJK = 〈VφIVλJVλK 〉 ∝
∫
dx1dx2dx3
dVCKG
〈VφI (x1)VλJ (x2)VλK (x3)〉 . (6.2)
A three-point CFT correlator is determined from conformal invariance up to a constant;
since the vertices have conformal dimension 1, this structure constant coincides directly
with the string amplitude
〈VφI (x1)VλJ (x2)VλK (x3)〉 = AIJK∏3
a,b=1(xa − xb)
. (6.3)
The world-sheet dependence from the xa, indeed, just cancels in the amplitude Eq. (6.2)
against the Jacobian to gauge-fix SL(2,R) invariance.
We consider N = 1 configurations, in which supersymmetry may be broken, as we
have just seen, by the presence of D-terms. In N = 1 theories, the Yukawa couplings are
encoded in the superpotential. In truth, our effective action is an N = 1 supergravity, and
beside the twisted matter multiplets ΦI we have matter multiplets originating from the
closed string sector, including the moduli scalars m. As we did for the Ka¨hler potential,
though, we presently consider the moduli m as fixed and expand the superpotential in
the open string multiplets ΦI . The cubic level of this expansion
W = WIJK(m) Φ
IΦjΦK , (6.4)
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displays the holomorphic couplings WIJK when the moduli are written in the appropriate
complex basis. These couplings govern the Yukawa terms involving one scalar and two
fermions from these multiplets. They, however, do not directly represent the physical
Yukawa couplings YIJK because in the N = 1 Lagrangian the chiral multiplet fields have
non-canonical kinetic terms involving the Ka¨hler metric KIJ(m). To read off the physical
couplings13 we have to rescale the fields: ΦI → (KII)−1/2ΦI , see the discussion before
(5.2), getting
YIJK =
[
KIIKJJKKK
]−1/2
WIJK . (6.5)
For N = 1 effective theories realized in Heterotic string compactifications, a powerful
non-renormalization theorem [56] asserts that the superpotential W gets no perturbative
α′ corrections. It is likely that the same non-renormalization property holds also in the
brane-world context. If this is the case, we should identify the holomorphic couplings
WIJK with the classical world-sheet instanton contributions
WIJK =WIJK , (6.6)
since these contributions depend non-perturbatively on α′: WIJK ∼ eS/α′ . On the other
hand, the string amplitude AIJK with three twisted vertices can be certainly expanded
perturbatively in α′ and so can not contribute to the form of the superpotential. It then
follows from Eqs. (6.1) and (6.5) that AIJK should factorize in term of the Ka¨hler metrics
for the involved fields, namely
AIJK =
[
KIIKJJKKK
]−1/2
. (6.7)
This remarkable statement should be checked against the direct computation of the string
correlator AIJK . Let us analyze this problem and, to begin with, let us recall which chiral
multiplets we consider and set up a convenient notation.
As we discussed in Section 4, an open string stretching between two different D-branes
is characterized by the eigenvalues θi (i = 1, 2, 3) of its monodromy R(θ). It contains in
its NS spectrum three different scalars φi which can be retained in the effective theory
also for non-trivial values of the twists. These are the states of Eq. (4.3c); their mass
is given in Eqs. (4.3c-4.5), and the corresponding emission vertices in Eq. (4.6). For∑
j 6=i θj − θi = 0, the scalar φi is massless and sits in a chiral N = 1 multiplet with the
13We assume here that the Ka¨hler metric is diagonal in the space of the ΦI , which is indeed the case
for the twisted matter we consider.
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massless chiral fermion λ from the R sector. The latter is present for any value of the θ’s,
and its emission vertex was written in Eq. (4.11).
In a given model of magnetized or intersecting D-branes, there are various types of
branes, and many open strings sectors associated to various pairs of different D-branes.
These sectors are distinguished by the corresponding monodromy R(θ) and its eigenvalues,
the twists θj . We can thus label
14 the chiral multiplets as Φiθ. The corresponding Ka¨hler
metric is evidently diagonal in the space of different open string sectors, and also with
respect to the type i of scalars under consideration. We choose for it the notation Kii(θ).
The string amplitude computing the quantum part of the Yukawa couplings among three
such chiral multiplets Φiθ, Φ
j
ν and Φ
k
ω is
Aijk(θ, ν, ω) = 〈Vφi
θ
VλνVλω〉 (6.8)
and it is encoded in the conformal correlator of the vertices as indicated in Eq. (6.3). We
restrict ourselves to the coupling between multiplet of the same type i = j = k, say for
instance i = 1. We can then simplify further the notation, writing K(θ) for the Ka¨hler
metric K11(θ) and A(θ, ν, ω) for the quantum Yukawa amplitude A111(θ, ν, ω).
6.1 The factorized case
Let us consider first the situation in which the torus is factorized and the fluxes (or the
angles) for all the branes involved in the amplitude respect the factorization so that the
reflection matrices, and hence the monodromy matrices R for the various open strings
commute. In this case there is a single complex basis of bosonic and fermionic world-
sheet fields, Z i and Ψi, in which all the monodromies act diagonally as specified by their
eigenvalues θi, νi and ωi. We can then directly substitute into the amplitude A(θ, ν, ω)
the expressions of the vertices given in Section 4.
Both the NS vertex Vφ1
θ
given in Eq. (4.6) and the R vertices Vλν and Vλω (given by
Eq. (4.11) with, obviously, the θ’s replaced by ν’s or ω’s) contain15 product of bosonic
twist fields σθi and of fermionic ones.
From the fermionic twist fields we get the correlators
〈Sθ1−1(x1)Sν1− 12 (x2)Sω1− 12 (x3)〉 × 〈Sθ2(x1)Sν2− 12 (x2)Sω2− 12 (x3)〉
× 〈Sθ3(x1)Sν3− 12 (x2)Sω3− 12 (x3)〉 .
(6.9)
14That is, the index I is a shortcut for (θ, i), in this case: the twist singles out which open string sector
and the index i = 1, 2, 3 which scalar component Eq. (4.3c) we refer to.
15They also contain superghost terms and eik·X terms, but it is easy to see that their correlators do
not modify the fusion coefficients, a part from imposing the obvious momentum conservation.
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Using, for instance, the bosonized formalism introduced in Eq. (2.43) it is immediate to
see that the non-vanishing of these correlators requires
θ1 + ν1 + ω1 = 2 ,
θ2 + ν2 + ω2 = 1 ,
θ3 + ν3 + ω3 = 1 .
(6.10)
Subtracting the first of these equations from the sum of the others yields a relation
between the masses of the scalar components φ1θ,ν,ω of the three multiplets involved in the
interaction: using Eq. (4.3c) we find indeed
M2(θ) +M2(ν) +M2(ω) = 0 . (6.11)
This relation is obviously satisfied in supersymmetric configurations of all the three open
strings, i.e. when θ2 + θ3 − θ1 = 0 and similarly for the ν ′s and the ω’s so that all
scalar masses vanishes. If we allow for non-zero masses as explained in (4.4-4.5), then this
relation implies that at least one of the three multiplets has a scalar component which is
tachyonic. In fact, this might be a desirable feature: following the idea of the Higgs as a
tachyon [17], the Yukawa couplings correctly represent the 3-point functions among the
Higgs field and the SM fermions.
The correlator of our vertices involves also, and this is in fact the most crucial and
non-trivial ingredient, the following correlator of the bosonic twist fields
〈σθ1(x1)σν1(x2)σω1(x3)〉 × 〈σθ2(x1)σν2(x2)σω2(x3)〉 × 〈σθ3(x1)σν3(x2)σω3(x3)〉 . (6.12)
As for the fermionic twist fields, we get the product of three independent correlators,
pertaining to the CFT’s of the three bosons Z i, because of the factorized situation we are
considering.
For the CFT of a complex boson, the correlator of three twist fields can be obtained
from factorization of the 4-twist correlator and it turns out [63, 75, 76, 77, 78] to be given
by
〈σθ(x1)σν(x2)σω(x3)〉=
∏
i>j
(xi − xj)h−2(hi+hj) ×


(
Γ(1−θ)
Γ(θ)
Γ(1−ν)
Γ(ν)
Γ(1−ω)
Γ(ω)
) 1
4
, θ + ν + ω = 1(
Γ(θ)
Γ(1−θ)
Γ(ν)
Γ(1−ν)
Γ(ω)
Γ(1−ω)
) 1
4
, θ + ν + ω = 2
(6.13)
where hi ≡ hσ
θi
is the conformal dimension of the twist field given in Eq. (2.16), and
h =
∑
i hi. Inserting this result in the product of bosonic twist correlators (6.12), upon
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taking into account the relations (6.10) among the twist angles, we finally can write the
fusion coefficient of the three vertices Vφ1
θ
, Vλν and Vλω
A(θ, ν, ω) =
(
Γ(θ1)
Γ(1− θ1)
∏
i 6=1
Γ(1− θi)
Γ(θi)
Γ(ν1)
1− Γ(ν1)
∏
i 6=1
Γ(1− νi)
Γ(νi)
Γ(ω1)
Γ(1− ω1)
∏
i 6=1
Γ(1− ωi)
Γ(ωi)
) 1
4
=
[
K(θ)K(ν)K(ω)
]− 1
2
(6.14)
where in the last line we used the explicit expression of the Ka¨hler metrics for the chiral
multiplets, given in Eq. (5.30) (see also Eq. (5.31) in the field theory limit). Notice that
the exponential terms in K(θ)K(ν)K(ω) reduce to 1 using the relation Eq. (6.11) between
the masses. Thus, the explicit computation of the quantum part of the stringy Yukawa
couplings in the case of factorized twisted chiral multiplets agrees with the expectation
Eq. (6.7) inferred from the non-renormalization property of the superpotential. Of course,
the same property can be derived also by working with the symmetric scalar, following
the reasoning for the Ka¨hler metric before Eq. (5.32), finding agreement.
6.2 The oblique case and non-abelian twists fields
Let us now suppose that the monodromy matrices pertaining to the three open strings
we are considering do not commute with each other. This is what happens for generic
quantized fluxes on each stack of branes (i.e., for “oblique fluxes”) on a generic torus.
Indeed the set of reflection matrices for strings with their endpoints σ = 0, π attached to D-
branes with fluxes Fσ, given by Eq. (2.4), have no reason to commute between themselves,
except in the factorized case considered above. Hence, the various monodromy matrices
R = R−1π R0 do not commute either. Each monodromy can still be diagonalized as in
Eq. (2.9), and its eigenvalues depend on a set of angles θi. However, the monodromies
R(θ), R(ν) and R(ω) of the three open strings involved in the Yukawa amplitude cannot
be simultaneously diagonalized16.
The bosonic and fermionic twist fields occurring in a vertex must be such that their
OPE with the bosonic (resp. fermionic) fields impose the condition
XM(e2πiz) = [R(θ)]MN X
N(z) (6.15)
for the six bosonic coordinates XM along the torus (resp., the analogous relation for the
ΨM fields) as indicated in Eq. (2.6). These fields can therefore be defined only within the
16They are not completely independent, though, since R(θ)R(ν)R(ω) = 1, see Figure 3.
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R0(θ) = Rpi(ν)
R0(ν) = Rpi(ω)
R0(ω) = Rpi(θ)
R(θ) R(ν)
R(ω)
Figure 3: The reflection matrices R0 and Rπ and the monodromy matrices R = R−1π R0 for the
three twisted open strings. The matrices pertaining to the different strings are labeled by the
angles θ, ν, ω which determine the eigenvalues of the monodromy according to Eq. (2.9).
CFT describing the six bosonic (resp. fermionic) directions along T6, and not within its
factorization in the CFT’s of three complex bosons (resp. fermions). We use the notation
σˆR(θ) for such bosonic twist fields and SˆR(θ) for the fermionic ones.
According to Eqs. (6.8) and (6.3), the quantum Yukawa amplitude17 A(θ, ν, ω) coin-
cides with the fusion coefficient in the correlator of the three emission vertices Vφ1
θ
, Vλν
and Vλω . It is thus determined by the product of the three-point correlators of the bosonic
and fermionic twist fields appearing in these vertices
〈Sˆ ′R(θ)(x1)SˆRamondR(ν) (x2)SˆRamondR(ω) (x3)〉 × 〈σˆR(θ)(x1)σˆR(ν)(x2)σˆR(ω)(x3)〉 . (6.16)
Here we denoted as Sˆ ′R(θ) the excited18 fermionic twist field which enters the emission
vertex Vφ1
θ
, and by SˆRamondR(ν) the fermionic twists in the Ramond sector, which implement
an extra minus sign in the monodromy with respect to the NS ones. If the three mon-
odromy matrices R(θ), R(ν) and R(ω) commute with each other, we can diagonalize
simultaneously the twist operators σˆR(θ), σˆR(ν) and σˆR(ω), and thus the last correlator
17The notation here is slightly misleading. The angles θ, ν, ω just label the type of vertices in the
amplitude. There is no reason a priori, from the CFT point of view, that the amplitude actually be a
function of these angles only. We would, in general, expect that it depends of the complete monodromy
matrices R(θ), R(ν), R(ω).
18Of course, we can diagonalize one of the monodromy matrices, say R(θ) by choosing its complex
eigenvector basis Z. The corresponding open string sector is then described exactly as in Section 2. The
twist fields are factorized: σˆR(θ) = σθ1σθ2σθ3 , and similarly for the fermionic ones. The vertex Vφ1
θ
has
the expression of Eq. (4.6), and the excited fermionic twist Sˆ ′R(θ) it contains is just Sθ1−1Sθ2Sθ3 .
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in (6.16) can be factorized into a product of three correlators as in (6.12). Notice that this
may happen also for a non-diagonal background. However, in the most general situation
the three monodromy matrices do not commute and the structure of the bosonic twist
correlator is more involved.
On the other hand, the non-renormalization property of the superpotential W still
suggests that the amplitude A(θ, ν, ω) should be given in terms of the Ka¨hler metrics for
the three chiral multiplets, as in Eq. (6.7)
A(θ, ν, ω) =
[
K(θ)K(ν)K(ω)
]− 1
2
. (6.17)
We have shown in this paper that the expression of the Ka¨hler metric is always given by
Eq. (5.30), independently of whether we are in an abelian or in a oblique situation, and
depends just on the monodromy eigenvalues. So, in fact, A(θ, ν, ω) should really depend
just on the angles θi, νi and ωi.
As a consequence, we are lead to conjecture that the non-abelian twist field correlator
in Eq. (6.16), which in principle depends on the entire monodromy matrices R(θ), R(ν)
and R(ω), has in fact the same expression of a correlator of abelian twist fields charac-
terized by the monodromy eigenvalues θi, νi, ωi. Proving (or disproving) this conjecture
is a very interesting challenge in CFT.
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A Dependence of the open string twists from the
closed moduli
Let m be a closed string modulus which is a generic function of the NS-NS fields G and
B. From Eq. (2.9) we have
2πi
∂θi
∂m
=
(
∂R
∂m
R−1
)
ii
=
(
E ∂R
∂m
R−1E−1 +
[
∂E
∂m
E−1,R
]
R−1
)
ii
=
(
E ∂R
∂m
R−1E−1
)
ii
,
(A.1)
where in the last step we used the fact that the commutator of an arbitrary matrix with
a diagonal matrix, such as R, has no entries on the diagonal. Since R = R−1π R0, we get
with simple manipulations
2πi
∂θi
∂m
=
(
E
[
∂R−1π
∂m
Rπ − R∂R
−1
0
∂m
Rπ
]
E−1
)
ii
. (A.2)
We can now take advantage of the following property (which will be needed again in later
stages of the computation):
(ERAE−1)
ii
=
(EARE−1)
ii
, (A.3)
which holds for any matrix A, since ERE−1 = R is diagonal, to get
2πi
∂θi
∂m
=
(
E
[
∂R−1π
∂m
Rπ − ∂R
−1
0
∂m
R0
]
E−1
)
ii
. (A.4)
From the expression (2.4) of the reflection matrices Rσ (σ = 0, π) it follows that
∂R−1σ
∂m
Rσ =
1
2
(
1+R−1σ
)
G−1
(
−∂(G +B)
∂m
+
∂(G− B)
∂m
Rσ
)
, (A.5)
where we used
(G+B + Fσ)
−1 =
1
2
(
1+R−1σ
)
G−1 . (A.6)
Substituting the expression (A.5) into Eq. (A.4) we get four contributions. Combining
the two terms proportional to ∂(G +B) we find
−1
2
(
E [R−1π −R−10 ]G−1∂(G +B)∂m E−1
)
ii
. (A.7)
43
Again, by using Eq. (A.6), the two terms proportional to ∂(G− B) can be written as
1
2
(
E
[
(1+R−1π )G
−1∂(G− B)
∂m
R0R
−1
0 Rπ − (1+R−10 )G−1
∂(G−B)
∂m
R0
]
E−1
)
ii
=
1
2
(
E [R−10 Rπ − 1]G−1∂(G− B)∂m R0E−1
)
ii
(A.8)
=
1
2
(
EG−1∂(G−B)
∂m
[Rπ −R0] E−1
)
ii
where we used several times the property (A.3) to move the matrix R−1. The last step
is to write Eq. (A.7) in terms of the transpose matrix. This can be done by using the
properties (2.10) of the vielbeins tEG = GE−1 and of the reflection matrix (2.8). In this
way we find that Eq. (A.7) can be written in terms of the anti-holomorphic elements of
the same matrix appearing in the last step of Eq. (A.8)
2πi
∂θi
∂m
=
1
2
[
EG−1∂(G− B)
∂m
[Rπ − R0] E−1
]
ii
− 1
2
[
EG−1∂(G− B)
∂m
[Rπ − R0] E−1
]
i i
.
(A.9)
If m is a real modulus, then the second term in the equation above is just the complex
conjugate of the first one.
A.1 The two-dimensional case
Let us check the general expression of the dependence of the open string twists from the
closed string moduli in the simple case of a 2-dimensional torus. From the results of
Section 3 we know that the twists θ depend only on T
2πi
∂θ
∂U
= 0 , 2πi
∂θ
∂T
=
fπ − f0
(T − fπ)(T − f0) . (A.10)
Let us retrieve the same result from Eq. (A.9). Since in the present case the reflection
matrices Rσ in the complex basis are diagonal, it is convenient to rewrite Eq. (A.9) by
suitably inserting the identity written as tE tE−1 or EE−1, getting
2πi
∂θ
∂m
=
1
2
(
tE−1∂(G− B)
∂m
E−1
)
21
(Rπ −R0)11
− 1
2
(
tE−1∂(G− B)
∂m
E−1
)
12
(Rπ −R0)22 .
(A.11)
By using (3.13) and (3.15), we find for m = U
tE−1∂(G± B)
∂U
E−1 = i
U2
(
0 0
0 1
)
. (A.12)
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Since this matrix has no (21) component, we get immediately from Eq. (A.11) that
∂θ/∂U = 0, in agreement with Eq. (A.10). For m = T , we get instead
tE−1∂(G−B)
∂T
E−1 = − i
T2
(
0 0
1 0
)
. (A.13)
This matrix has a non-vanishing (21) component and so contributes to the first term of
Eq. (A.11) and we get
2πi
∂θ
∂T
=
−i
2T2
(Rπ −R0)11 = i
2T2
(
T¯ − fπ
T − fπ −
T¯ − f0
T − f0
)
=
fπ − f0
(T − fπ)(T − f0) ,
(A.14)
in perfect agreement with Eq. (A.10).
B The metric for the untwisted matter
In this Appendix we apply the same technique described in Section 5 to the case of open
strings starting and ending on the same stack of D9-branes. In particular, we show that
it is possible to determine completely the metric of the untwisted scalars from a 3-point
function involving two scalars and one closed string modulus. Of course, this result can
be read directly by compactifying the Born-Infeld action of a D9-brane to four dimensions
Suntw = −N
2
∫
d4x e−φ4
√
det(G− F)
(detG)1/4
DµAMDµAN G
MN
open (B.1)
where N = T9 (2πα′)3/2, with T9 being the D9-brane tension, and the four dimensional
dilaton φ4 is related to the ten dimensional one by e
−φ4 = e−φ10 (detG)1/4 (2πα′)−3/2
(recall that in our conventions the internal metric GMN has dimensions of (length)
2 and
that the fields AM are dimensionless). Notice the appearance in (B.1) of the open string
metric [79]
GMNopen ≡
1
2
GMN +
1
4
(R0)
MN +
1
4
(tR0)
MN =
[
1
G− F
](MN)
. (B.2)
Usually the action Suntw is written in terms of a rescaled string coupling [79]; here, instead,
we prefer to keep the dependence on the four dimensional dilaton φ4, because the insertion
of the closed string modulus m gives a differential equation where φ4 is kept constant, as
seen in Section 3.
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The dimensionless fields AM in (B.1) simply represent the internal components of the
gauge field and so the corresponding vertex operator (in the zero picture) can be read
from the boundary terms of the actions (2.1) and (2.24), namely
VφM = φM(k)
(1
2
∂xM +
1
2
∂¯xM − i
2
kµψ
µ
− ψ
M
+ −
i
2
kµψ
µ
+ ψ
M
−
)
ei k·X (B.3)
where φM = AM/
√
2α′. On the other hand, the vertex for a closed string modulus m is
given by Eq. (3.9), where in the (−1,−1) picture the operator WMN(z, z) is the product
of the left and right vertices of Eq. (5.43).
Now we can proceed as in Section 5 and compute the amplitude
Auntw = e
−iπα′kL·kR
8πα′2
∫
dx1 dx2 d
2z
dVCKG
〈
VφM (x1)Wm(z, z) VφN (x2)
〉
(B.4)
where in the normalization we have included also the cocycle factor of the closed string
vertex. The boundary conditions for this diagram are
ψµ±(x) = ψ
µ(x) , ψM+ (x) = ψ
M(x) , ψM− (x) =
(
R0
)M
N
ψN (x) (B.5)
for the fermionic open string coordinates, and
ψML (z) = ψ
M(z) , ψMR (z) =
(
R0
)M
N
ψN(z) (B.6)
for the closed string ones. Then by following the same steps as in Section 5, we obtain
Auntw = e
−iπα′kL·kR
32πα′3
AM(k1)AN(k2)
(
∂
∂m
(G− B)R0
)
PQ
∫
dx1 dx2 d
2z
dVCKG
Y
× (z − z¯)−1
(〈
∂xM (x1) ∂x
N (x2)
〉 〈
ψP (z)ψQ(z)
〉
(B.7)
+
α′ k1 · k2
2
(x1 − x2)−1(1 +R0)MI (1 +R0)NJ
〈
ψI(x1)ψ
P (z)ψQ(z)ψJ(x2)
〉)
where
Y ≡ 〈eik1·X(x1) eikL·X(z) eikR·X(z¯) eik2·X(x2)〉 = ω−α′s/2 (1− ω)α′s (B.8)
in terms of the anharmonic ratio ω defined in Eq. (5.16). To proceed, we use the following
basic correlators
〈
xM (x1)x
N(x2)
〉
= −2α′GMNopen ln(x1 − x2) and
〈
ψM(x1)ψ
N(x2)
〉
=
2α′GMN
(x1 − x2) (B.9)
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and Eq. (5.19), and, after simple manipulations, find
Auntw = e
−iπα′s/2
8πα′
AM(k1)AN(k2)
(
∂
∂m
(G−B)R0
)
PQ
∫
C
dω ω−α
′s/2(1− ω)α′s−2
[
−GMNopenGPQ(1− α′s) +
α′s
4
(
GPM + tRPM0
)(
GQN + tRQN0
) 1− ω
ω
− α
′s
4
(GQM + tRQM0 )(G
PN + tRPN0 )(1− ω)
]
. (B.10)
In this expression, the last two terms (proportional to α′s) are one the transpose of the
other, as one can see with the change of variable ω → 1/ω; so we can keep just the first
term and symmetrize the result in the indices M and N . In this way we get
Auntw = i
4πα′
AM(k1)AN(k2)
(
∂
∂m
(G− B)R0
)
PQ
sin(πα′s/2)[
− (1− α′s)B(1− α′s/2, α′s− 1)GMNopenGPQ (B.11)
+
α′s
2
B(−α′s/2, α′s) (GP (M + tRP (M0 ) (GQN) + tRQN)0 )] .
Now we expand this result in α′s and focus on the (leading) term with two derivatives
which captures the kinetic term for the scalar fields AM , that is
Auntw = i
2
k1 · k2AM(k1)AN(k2)
{
1
4
tr
[ ∂
∂m
(G−B)R0G−1
]
GMNopen
−
[
(G− F)−1 ∂
∂m
(G−B)R0(G+ F)−1
](MN)} (B.12)
where we have used tR0 = GR
−1
0 G
−1 and the identity (A.6) to rewrite the last term. The
term proportional to GMNopen yields the same total derivative found in Section 3 of [21],
namely
1
4
tr
[ ∂
∂m
(G−B)R0G−1
]
=
1
4
tr
[ ∂
∂m
(G− F)
(
2(G−F)−1 −G−1
)]
= ∂m lnK
where 19
K = N e−φ4
√
det(G− F)
(detG)1/4
. (B.13)
19Here, we have included also the dependence on the dilaton φ4 which could be fixed by computing a
3-point amplitude with the dilaton vertex, as discussed in detail in Ref. [21]. We have also included the
appropriate dimensional prefactor N = T9 (2πα′)3/2 to make K dimensionless.
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The second term in (B.12) yields exactly the open string metric (B.2); indeed
[
(G−F)−1 ∂
∂m
(G−B)R0(G+F)−1
](MN)
= − ∂
∂m
[ 1
G− F
](MN)
= − ∂
∂m
GMNopen . (B.14)
Thus, we can write our result as
Auntw = iK−1 ∂
∂m
[1
2
K GMNopen k1 · k2AM(k1)An(k2)
]
. (B.15)
In complete analogy with what we did in Eq. (5.5) for the twisted scalars, we identify the
square bracket of Eq. (B.15) with the (momentum space) Lagrangian of the untwisted
fields and thus reconstruct the action (B.1), in perfect agreement with the Born-Infeld
result.
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